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Abstract: The bull is a graph consisting of a triangle and two vertex-
disjoint pendant edges. A graph is called bull-free if no induced subgraph
of itis a bull. A graph G is perfect if for every induced subgraph H of G, the
chromatic number of H equals the size of the largest complete subgraph
of H. This article describes the structure of all bull-free perfect graphs.
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Keywords: bull-free graphs; perfect graphs; structure theorem

1. INTRODUCTION

Unless stated otherwise, all graphs in this article are simple and finite. Given a graph G,
we denote by Vi the vertex set of G, and by E¢ the edge set of G; we sometimes write
G = (Vg, Eg). A clique in G is a set of pairwise adjacent vertices of G, and a stable set in
G is a set of pairwise nonadjacent vertices of G. The clique number of G, written w(G),
is the maximum number of vertices in a clique in G. A coloring of G is a partition of
Vi into stable sets. The chromatic number of a graph G, written x (G), is the minimum
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number of stable sets needed to partition V. A graph G is said to be perfect if for every
induced subgraph H of G, x (H) = w(H).

Given a graph G, the complement of G, written G, is the graph on the vertex set V; such
that for all distinct u, v € Vi, uis adjacent to v in G if and only if u is nonadjacentto vin G.
A hole in G is an induced cycle of length at least four in G. An antihole in G is an induced
subgraph of G whose complement is a hole in G. An odd hole (respectively: odd antihole)
is a hole (respectively: anti-hole) with an odd number of vertices. Berge conjectured that
a graph is perfect if and only if it contains neither odd holes nor odd antiholes [1]. This
conjecture is known as the strong perfect graph conjecture; it was proven a few years
ago [7], and it is now known as the strong perfect graph theorem. Today, graphs that
contain no odd holes and no odd antiholes are called Berge, and so the strong perfect
graph theorem can be restated as saying that a graph is perfect if and only if it is Berge.
Other relevant results have been the polynomial time recognition algorithm for Berge
(and therefore, by the strong perfect graph theorem, perfect) graphs [6], and a polynomial
time coloring algorithm for perfect graphs [12]. As the latter algorithm is based on the
ellipsoid method, finding a combinatorial polynomial time coloring algorithm for perfect
graphs remains an open problem.

The bull is a graph with vertex set {x|,x,x3,y;,y2} and edge set {xjx;,
XpX3, X3X1, X1Y1, X2y2}. A graph G is said to be bull-free if no induced subgraph of G
is isomorphic to the bull.

Bull-free graphs were originally studied in the context of perfect graphs. Many years
before the strong perfect graph conjecture was proven [7], it was shown that bull-free
Berge graphs were perfect [8]. Similarly, a polynomial time recognition algorithm for
bull-free perfect graphs [15] was obtained long before the recognition algorithm for per-
fect graphs [6]. Furthermore, the class of bull-free perfect graphs is one of the subclasses
of the class of perfect graphs for which a combinatorial polynomial time coloring al-
gorithm has been constructed [10] (in fact, [10] contains a weighted coloring algorithm
for bull-free perfect graphs; see also [11] and [13]). Recently, a structure theorem for
bull-free graphs was obtained [2-5]; in the present article, we use the structure theorem
from [2-5] to derive a structure theorem for bull-free Berge graphs; by the strong perfect
graph theorem [7], this is in fact a structure theorem for bull-free perfect graphs. While
the structure of bull-free perfect graphs has received some attention in the past (see
[8] and [11]), all previous results were “decomposition theorems”: they state that every
bull-free perfect graph either belongs to some well-understood “basic” class or it can be
“decomposed” into smaller bull-free perfect graphs in a certain useful way. However,
these decompositions cannot be turned into operations that build larger graphs from
smaller ones, while preserving the property of being bull-free and perfect. In this sense,
the structure theorem from the present article is stronger: it states that every bull-free
perfect graph either belongs to a basic class, or it can be built from smaller bull-free
perfect graph by an operation that preserves the property of being bull-free and perfect.

We remark that elsewhere [14], the results of the present article are used to obtain a
combinatorial polynomial time weighted coloring algorithm for bull-free perfect graphs
whose complexity is lower than that of the algorithm in [10]. One might ask whether
these results could also be used as a basis for a polynomial time recognition algorithm
for bull-free perfect graphs. While it is possible that such an algorithm could be found, it
seems unlikely that it would be faster than the recognition algorithm for bull-free perfect
graphs from [15]; this is because the running time of the algorithm from [15] is only
O(n’) (where n is the number of vertices of the input graph), and since the bull contains
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five vertices, the obvious way to test whether a graph is bull-free already takes O(n’)
time.

Following [2-5], we consider objects called “trigraphs” (defined in Section 2), which
are a generalization of graphs. While in a graph, two distinct vertices can be either
adjacent or nonadjacent, in a trigraph, there are three options: a pair of distinct vertices
can be adjacent, antiadjacent, or semiadjacent; semiadjacent pairs can conveniently be
thought of as having undecided adjacency. While we do not define such a thing as a
“perfect trigraph” (because we do not have a natural way to define a trigraph coloring),
there is a natural way to define a “bull-free trigraph” and a “Berge trigraph,” and we
do this in Section 2. Our main theorem (3.4) gives the structure of all bull-free Berge
trigraphs. Since graphs are simply trigraphs with no semiadjacent pairs, this theorem is
implicitly a structure theorem for bull-free Berge graphs, and therefore (by the strong
perfect graph theorem) it is a structure theorem for bull-free perfect graphs.

The rest of the article is organized as follows. In Section 3, we define “elementary
trigraphs,” and we use a result from [2] to reduce our problem to finding the structure of all
elementary bull-free Berge trigraphs. We then cite the structure theorem for elementary
bull-free trigraphs from [5]; this theorem states that every bull-free trigraph G is either
obtained from smaller bull-free trigraphs by “substitution” (this operation is defined
in Section 2), or G or its complement is an “elementary expansion” (this is defined
later, in Section 4) of a trigraph in one of two basic classes (classes 7; and 7;). We
complete Section 3 by stating our main theorem (3.4), the structure theorem for all bull-
free Berge trigraphs; however, we do not prove this theorem in Section 3 (we only do
this in Section 7), and we also postpone defining certain terms used in the theorem. In
Section 4, we study “elementary expansions.” Informally, an elementary expansion of
a trigraph H is the trigraph obtained by expanding some semiadjacent pairs of H to
“homogeneous pairs” of a certain kind (general homogeneous pairs are defined in Section
2, and the two kinds that we need for elementary expansions are defined in Section 4).
We show that if G is an elementary expansion of a trigraph H, then G is Berge if and only
if H is. In Section 5, we give the definition of the class 77 from [5] and derive the class
7" of all Berge trigraphs in 7;. In Section 6, we define the class 7, from [5], and prove
that every trigraph in 7 is Berge. Finally, in Section 7, we prove our main theorem.

2. TRIGRAPHS

A trigraph G is an ordered pair (V, 65) such that Vi is a nonempty finite set, called the
vertex set of G, and 6 : Vé — {—1,0, 1} is a map, called the adjacency function of G,
satisfying the following:

e forallv e Vg, 6(v,v) = 0;
e forall u,v € Vg, 0 (u, v) = 0(v, u);
e for all u € V;;, there exists at most one vertex v € V; \ {u} such that 6 (u, v) = 0.

Members of Vi are called vertices of G. Let u, v € Vi be distinct. We say that uv
is a strongly adjacent pair, or that u and v are strongly adjacent, or that u is strongly
adjacent to v, or that u is a strong neighbor of v, provided that 6 (u, v) = 1. We say
that uv is a strongly antiadjacent pair, or that u and v are strongly antiadjacent, or that
u is strongly antiadjacent to v, or that u is a strong antineighbor of v, provided that
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0;(u, v) = —1. We say that uv is a semiadjacent pair, or that u and v are semiadjacent,
or that u is semiadjacent to v, provided that 65 (u, v) = 0. (Note that we do not say that
a vertex w € V;; is semiadjacent to itself even though 65 (w, w) = 0.) If uv is a strongly
adjacent pair or a semiadjacent pair, then we say that uv is an adjacent pair, or that u and
v are adjacent, or that u is adjacent to v, or that u is a neighbor of v. If uv is a strongly
antiadjacent pair or a semiadjacent pair, then we say that uv is an antiadjacent pair, or
that 4 and v are antiadjacent, or that u is antiadjacent to v, or that u is an antineighbor
of v. Thus, if uv is a semiadjacent pair, then uv is simultaneously an adjacent pair and
an antiadjacent pair. The endpoints of the pair uv (regardless of adjacency) are u and
v. Given distinct vertices # and v of G, we do not distinguish between pairs uv and vu.
However, we will sometimes need to maintain the asymmetry between the endpoints of a
semiadjacent pair uv, and in those cases, we will use the ordered pair notation and write
(u, v) or (v, u), as appropriate, rather than uv.

Note that every (nonempty, finite, and simple) graph can be thought of as a trigraph in
a natural way: graphs are simply trigraphs with no semiadjacent pairs.

The complement of a trigraph G is the trigraph G such that V& =V and 65 = —0g;
we say that a class C of trigraphs is self-complementary provided that for every trigraph
G e C, we have that G € C. Given a trigraph G and a nonempty set X C V;, G[X] is the
trigraph with vertex set X and adjacency function 6 | X? (the restriction of 6 to X?); we
call G[X] the subtrigraph of G induced by X. Isomorphism between trigraphs is defined
in the natural ways; if trigraphs G and G, are isomorphic, then we write G| = G,. Given
trigraphs G and H, we say that H is an induced subtrigraph of G (or that G contains H
as an induced subtrigraph) if there exists some X C Vi; such that H = G[X]. (However,
when convenient, we relax this condition and say that H is an induced subtrigraph of
G, or that G contains H as an induced subtrigraph, if there exists some X C V; such
that H = G[X].) Given a trigraph G and a set X C V5, we denote by G \ X the trigraph
GV \ X]; if X = {v}, then we sometimes write G \ v instead of G \ {v}.

Given a trigraph G, a vertex a € Vi, and a set B C V5 \ {a}, we say that a is strongly
complete (respectively: strongly anticomplete, complete, anticomplete) to B provided
that a is strongly adjacent (respectively: strongly antiadjacent, adjacent, antiadjacent) to
every vertex in B; we say that a is mixed on B provided that a is neither strongly complete
nor strongly anticomplete to B. Given disjoint A, B C Vi, we say that A is strongly
complete (respectively: strongly anticomplete, complete, anticomplete) to B provided that
for every a € A, a is strongly complete (respectively: strongly anticomplete, complete,
anticomplete) to B. Given X C Vj;, we say that X is a (strong) clique in G provided that
the vertices of X are all pairwise (strongly) adjacent, and we say that X is a (strongly)
stable set in G provided that the vertices of X are all pairwise (strongly) antiadjacent. A
(strong) triangle is a (strong) clique consisting of three vertices, and a (strong) triad is a
(strongly) stable set consisting of three vertices.

A graph G is said to be a realization of a trigraph G = (Vg, 6) provided that the
vertex set of G is Vi, and for all distinct u, v € Vj;, the following hold:

e if u is adjacent to v in G, then u is adjacent to v in G;
e if u is nonadjacent to v in G, then u is antiadjacent to v in G.

Thus, a realization of a trigraph is obtained by turning all strongly adjacent pairs into
edges, all strongly antiadjacent pairs into nonedges, and semiadjacent pairs (indepen-
dently of one another) into edges or nonedges.
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A bullis atrigraph with vertex set {x;, X, x3, y1, y2} such that {x|, x,, x3} is atriangle, y,
is adjacent to x| and anticomplete to {x,, x3, ¥}, and y; is adjacent to x, and anticomplete
to {x1, x3}. We say that a trigraph G is bull-free provided that no induced subtrigraph of
G is a bull.

We say that an induced subtrigraph P of a trigraph G is a path in G provided that the

vertices of P can be ordered as py, pi, ..., pr (for some integer £ > 0) so that for all
i,j€{0,...,k},if |i — j| = 1 then p;p; is an adjacent pair, and if |[i — j| > 1 then p;p;
is an antiadjacent pair; we often denote such a path P by py — p; — - - - — pr, and we say

that P is a path from pg to py, or that P is a path between py and py. The length of a path
or antipath P is |Vp| — 1, where (consistently with our notation) Vp denotes the vertex set
of P. If P is a path of length k, then we also say that P is a k-edge path. An odd path is a
path of odd length.

We say that an induced subtrigraph H of a trigraph G is a hole (respectively: antihole)
in G provided that the vertices of H can be ordered as &y, . .., i (for some integer k > 4)
so that forall i, j € {1,...,k},if |i — jl =1 or |i — j| = k — 1 then A;h; is an adjacent
(respectively: antiadjacent) pair, and if 1 < |i — j| < k — 1 then h;h; is an antiadjacent
(respectively: adjacent) pair. We often denote such a hole or antihole by 7y — h, — - - - —
hy — ho. (We observe that H is a hole in G if and only if H is an antihole in G.) The length
of a hole or antihole H is |Vy|. If H is a hole (respectively: antihole) of length &, then
we also say that H is a k-hole (respectively: k-antihole). We say that H is an odd hole
(respectively: odd antihole) provided that H is a hole (respectively: antihole) of length &
for some odd integer k > 5. We say that a trigraph G is odd hole-free (respectively: odd
antihole-free) provided that no induced subtrigraph of G is an odd hole (respectively:
odd antihole). A trigraph G is Berge provided that G is both odd hole-free and odd
antihole-free.

We say that a trigraph G is bipartite provided that Vi; can be partitioned into (possibly
empty) strongly stable sets A and B; under such circumstances, we say that G is bipartite
with bipartition (A, B), and that (A, B) is a bipartition of the bipartite trigraph G. We
say that a trigraph G is complement-bipartite provided that G is bipartite. We say that
G is complement-bipartite with bipartition (A, B), or that (A, B) is a bipartition of the
complement-bipartite trigraph G, provided that G is bipartite with bipartition (4, B).

We observe that a trigraph G is bull-free (respectively: odd hole-free, odd antihole-free,
Berge, bipartite, complement-bipartite) provided that every realization of G is bull-free
(respectively: odd hole-free, odd antihole-free, Berge, bipartite, complement-bipartite).

We note that bipartite and complement-bipartite trigraphs are Berge. This follows from
the fact that every realization of a bipartite (respectively: complement-bipartite) trigraph
is a bipartite (respectively: complement-bipartite) graph, and it is a well-known (and easy
to check) fact that bipartite and complement-bipartite graphs are Berge.

We now give an easy result that will be used throughout the article.

2.1. Let G be atrigraph. Then G is bull-free if and only if G is bull-free, and G is Berge
if and only if G is Berge.
Proof. The first claim follows from the fact that the complement of a bull is again a

bull. The second claim is immediate from the definition. [ |

Let G be a trigraph, and let G be the realization of G that satisfies the property that for
all distinct u, v € V5, u and v are adjacent in G if and only if 65 (u, v) > 0. (Thus, G is
the realization of G obtained by turning all semiadjacent pairs of G into edges.) We then
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say that G is connected provided that G is connected. Let X € V. We say that G[X] is
a component of G provided that G[X ] is a component of G (i.e., provided that é[X lisa
maximal connected induced subgraph of é).

Let G be a trigraph, and let X be a proper, nonempty subset of V;. We say that X is a
homogeneous set in G provided that for every v € Vi \ X, v is either strongly complete
to X or strongly anticomplete to X. We say that X is a proper homogeneous set in G
provided that X is a homogeneous set in G and that |X| > 2. We say that G admits a
homogeneous set decomposition provided that G contains a proper homogeneous set. We
observe that if X is a homogeneous set in G, and uv is a semiadjacent pair in G, then
either u,ve X oru,v € Vg \ X.

Let G, Gy, and G, be trigraphs, and let v € V;;,. Assume that Vi;, and V;, are disjoint,
and that v is not an endpoint of any semiadjacent pair in G;. We then say that G is
obtained by substituting G, for v in G| provided that all of the following hold:

* Vo = Vg, UVg) \ (v}

* GlVe, \ 1 =Gi\v;

* G[Vi,] = G

o forall vi € Vg, \ {v} and v, € V5,, viv, is a strongly adjacent pair in G if vivis a
strongly adjacent pair in G, and v;v, is a strongly antiadjacent pair in G if v;v is
a strongly antiadjacent pair in G.

We say that a trigraph G is obtained by substitution from smaller trigraphs provided
that there exist some trigraphs G| and G, with disjoint vertex sets satisfying |V, | < |V |
and |Vg,| < V| (or equivalently: |V, | > 2 and |V, | > 2) and some v € Vj;, that is not
an endpoint of any semiadjacent pair in Gy, such that G is obtained by substituting G,
for vin G;. We observe that a trigraph G admits a homogeneous set decomposition if and
only if G is obtained from smaller trigraphs by substitution. We will use the following
result several times in this article.

2.2. Let G, Gy, Gy be trigraphs and let v € Vi, . Assume that Vi, and Vg, are disjoint
and that v is not an endpoint of any semiadjacent pair in G|. Assume that G is obtained
by substituting G for v in Gy. Then all of the following hold:

e G is bull-free if and only if G\ and G, are both bull-free;

® G is odd hole-free if and only if both G and G, are odd hole-free;

® G is odd antihole-free if and only if both G| and G, are odd antihole-free;
® G is Berge if and only if G| and G, are both Berge.

Proof. This is an easy consequence of the fact that bulls, holes of length at least five,
and antiholes of length at least five do not admit a homogeneous set decomposition. W

Next, let G be a trigraph, and let A and B be nonempty, disjoint subsets of V;. We say
that (A, B) is a homogeneous pair in G provided that A is a homogeneous set in G \ B,
and B is a homogeneous set in G \ A. We observe that if (A, B) is a homogeneous pair in
G, and uv is a semiadjacent pair in G, then either u,v e AUBoru,veVg\ (AUB). If
(A, B) is a homogeneous pair in G, then the partition of G with respect to (or associated
with) the homogeneous pair (A, B) is the 6-tuple (A, B,C, D, E, F'), where C is the set of
all vertices in V; \ (A U B) that are strongly complete to A and strongly anticomplete to
B; D is the set of all vertices in Vi \ (A U B) that are strongly complete to B and strongly
anticomplete to A; E is the set of all vertices in Vi \ (A U B) that are strongly complete
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to A U B; and F is the set of all vertices in V; \ (A U B) that are strongly anticomplete to
AUB.

We say that a homogeneous pair (A, B) in a trigraph G is good provided that the
following three conditions hold:

¢ neither G[A] nor G[B] contains a three-edge path;

e there does not exist a path vi — v, —v3 — vy in G such that vi, v4 € A and v,,
v; € B;

e there does not exist a path vi — v, —v3 —v4 in G such that v;, v4 € B and v,,
V3 € A.

We observe that if (A, B) is a good homogeneous pair in a trigraph G, then (A, B) is
a good homogeneous pair in G as well; this follows from the fact that the complement
of a three-edge path is again a three-edge path. Good homogeneous pairs will appear
in Sections 4 and 6 below. We end this section with a useful result concerning good
homogeneous pairs.

2.3. Let G be a trigraph, let (A, B) be a good homogeneous pair in G, and let W be the
vertex set of an odd hole or an odd antihole in G. Then |W NA| < 1 and |W NB| < 1.

Proof. First, by passing to G if necessary, we may assume that W is the vertex set
of an odd hole in G. Next, let G be a realization of G in which W is the vertex set of
an odd hole. Finally, let (A, B,C, D, E, F) be the partition of G with respect to (A, B).
We begin by proving that W < A U B. Suppose otherwise. Since the number of edges in
G[W] with one endpoint in A and the other one in B is even, exactly one of G[W NA]
and G[W N B] contains an odd number of edges; by symmetry, we may assume that
é[B] contains an odd number of edges. Since é[W M B] contains no induced three-edge
path, and since G[W] is a chordless cycle of length at least five, we know that G[W N B]
contains an edge b, b, that meets no other edges in G[W N B]. Since G[W] is a chordless
cycle of length at least five, there exist some a;, a, € W such that a; — b; — b, — ay is
an induced three-edge path in G[W] (and therefore in G[W] as well). Since the edge
bi1b, meets no other edges in G[W N B], we know that a;, a, € A. But then the path
a; — by — by — a, contradicts the fact that (A, B) is good.

We next show that [W NA| <2 and |W N B| < 2. Suppose otherwise. By symmetry,
we may assume that [W N A| > 3. ThenW N (C UE) = @, for otherwise, some vertex in
G[W] would be of degree at least three. Since W € A U B, W intersects D U F; and since
é[W] is connected, W N D # (. Now, fix some a € W NA and d € W N D. Note that
there are two paths in G[W] between a and d that meet only at their endpoints; both of
these paths pass through B, and so [W N B| > 2. Fix distinct by, b, € W N B. Since B is
complete to D in G, and since G[W] is a chordless cycle of length at least five, it follows
that W N B = {b, by} and W N D = {d}. It then easily follows that W \ {d} C AUB.
Then é[W M A] is an odd path, and so since |W N A| > 3, we get that G[A] (and therefore
G[A]) contains an induced three-edge path, contrary to the fact that (A, B) is good. Thus,
[WNA| <2and |W NB| <2.

Finally, suppose that [W NA| =2; set W N A = {ay, a»}. Since é[W] is a chordless
cycle of length at least five, there exist some by, b, € W \ {a;, a»} such that a;b;, arb,
are edges, and a;b;, a,b; are nonedges in G. Since b, and b, are both mixed on A,
it follows that by, b, € B; since |W N B| < 2, this means that W N B = {b, b,}. Since
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(A, B) is good, and since é[W] contains no cycles of length four, we know that both a;a,
and b, b, are nonedges. Note that W N E = #, for otherwise, some vertex in W would be
of degree at least four in G[W]. Thus, all neighbors of a; in G[W] liein C U {b;}; since a,
has at least two neighbors in W, this means that W N C # (. Similarly, W N D # (. But
ifceWnCanddeWND,then c —a, — by —d — b, — a, — ¢ is a (not necessarily
induced) cycle of length six in é[W], which is impossible. Thus, [W NA| < 1. In an
analogous way, we get that [W N B| < 1. This completes the argument. ]

3. STRUCTURE THEOREM FOR BULL-FREE BERGE TRIGRAPHS

Given a trigraph G, a set X € Vi, and a vertex p € Vg \ X, we say that p is a center
for X (or for G[X]) provided that p is adjacent to each vertex in X, and we say that p
is an anticenter for X (or for G[X]) provided that p is antiadjacent to each vertex in
X. Following [2], we call a bull-free trigraph G elementary provided that it contains no
three-edge path P such that some vertex of G is a center for P, and some vertex of G is an
anticenter for P. A bull-free trigraph that is not elementary is said to be nonelementary.
We now state a decomposition theorem from [2] (this is 3.3 from [2]; we remark that not
all terms from the statement of this theorem have been defined in the present article).

3.1. Let G be a nonelementary bull-free trigraph. Then at least one of the following
holds:

e GorG belongs to 1y;
® G or G contains a homogeneous pair of type zero;
® G admits a homogeneous set decomposition.

We omit the definitions of 7y and of a homogeneous pair of type zero, and instead
refer the reader to [2]. What we need here is the fact (easy to check) that every trigraph
in 7, contains a hole of length five, as does every trigraph that contains a homogeneous
pair of type zero. Now 3.1 (i.e., 3.3 from [2]) implies that every nonelementary bull-free
trigraph that does not contain a hole of length five (and in particular, every nonelementary
bull-free Berge trigraph) admits a homogeneous set decomposition; we state this result
below for future reference.

3.2. Every nonelementary bull-free trigrpaph that does not contain a hole of length five
admits a homogeneous set decomposition. In particular, every nonelementary bull-free
Berge trigraph admits a homogeneous set decomposition.

While the proof of 3.3 from [2] (stated as 3.1 above) is relatively involved, if we
restrict our attention to nonelementary bull-free trigraphs G that do not contain a hole of
length five, only a couple of pages are needed to prove that G admits a homogeneous set
decomposition (we refer the reader to the proof of 5.2 from [2]). We also remark that for
the case of graphs (rather than trigraphs), a result analogous to 3.2 was originally proven
in [11].

Recall that a trigraph G admits a homogeneous set decomposition if and only if it
can be obtained from smaller trigraphs by substitution. Since the class of bull-free Berge
trigraphs is closed under substitution (by 2.2), we need only consider bull-free Berge
trigraphs that do not admit a homogeneous set decomposition, and by 3.2, all such
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trigraphs are elementary. Thus, the rest of the article deals with bull-free Berge trigraphs
that are elementary.

We now state the structure theorem for elementary bull-free trigraphs. (We note that
some terms used in the statement of this theorem have not yet been defined.) The following
is an immediate consequence of 6.1 and 5.5 from [5].

3.3. Let G be an elementary bull-free trigraph that is not obtained from smaller bull-free
trigraphs by substitution. Then at least one of the following holds:

e G or G is an elementary expansion of a member of T;;
® G is an elementary expansion of a member of T,.

Conversely, if H is a trigraph such that either one of H and H is an elementary
expansion of a member of 1|, or H is an elementary expansion of a trigraph in T, then
H is an elementary bull-free trigraph.

We note that some trigraphs H that satisfy the hypotheses of 3.3 admit a homogeneous
set decomposition (i.e., they can be obtained by substitution from smaller bull-free
trigraphs).

The definitions of classes 7] and 7>, as well as of elementary expansions, are long and
complicated, and we do not give them in this section. Instead, we give the definition of an
elementary expansion of a trigraph in Section 4; we prove there that if G is an elementary
expansion of a trigraph H, then G is Berge if and only if H is. In Section 5, we give
the definition of the class 7, and we derive the class 7;* of all Berge trigraphs in 7;. In
Section 6, we give the definition of the class 75, and we prove that every trigraph in 7; is
Berge. In Section 7 (the final section), we put all of this together to derive the structure
theorem for Berge bull-free trigraphs, which we state below.

3.4. Let G be atrigraph. Then G is bull-free and Berge if and only if at least one of the
following holds:

* G is obtained from smaller bull-free Berge trigraphs by substitution;
® G or G is an elementary expansion of a trigraph in T*;
® G is an elementary expansion of a trigraph in 1.

4. ELEMENTARY EXPANSIONS

Our goal in this section is to prove that if a trigraph G is an elementary expansion of
a trigraph H, then G is Berge if and only if H is Berge. Informally, a trigraph G is
said to be an “elementary expansion” of a trigraph H provided that G can be obtained
by “expanding” some semiadjacent pairs of a certain kind to homogeneous pairs of a
corresponding kind. We start by defining the two kinds of semiadjacent pair and the
two kinds of homogeneous pair that we will need. After that, we define elementary
expansions.

Semiadjacent pairs of type one and two. Let G be a trigraph, let (a, b) be a semiad-
jacent pair in G, and let ({a}, {b}, C, D, E, F) be the partition of G with respect to the

homogeneous pair ({a}, {b}).
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We say that (a, b) is a semiadjacent pair of type one provided all of the following hold:

® C,D, and F are nonempty;
* F is empty;
¢ neither C nor D is strongly anticomplete to F.

We say that (a, b) is a semiadjacent pair of type two provided all of the following hold:

e C,D, and F are nonempty;

e E is empty;

¢ (C is not strongly anticomplete to F';
¢ D is strongly anticomplete to F.

Finally, a semiadjacent pair (a, ») in a trigraph G is said to be of complement type one
or of complement type two in G provided that (a, b) is a semiadjacent pair of complement
type one or two, respectively, in G.

Closures of rooted forests. We say that a trigraph T is a forest provided that there are
neither triangles nor holes in 7. (Thus, for any two vertices of T, there is at most one
path between them.) A connected forest is called a tree. A rooted forestis a (k 4 1)-tuple

=({T,r1,...,1c), where T is a forest with components T7, ..., T; such that r; € V7,
foralli € {1,...,k}. Given distinct &, v € V, we say that u is a descendant of v, or that
v is an ancestor of u, provided that u, v € V, forsome i € {1, ..., k}, and that if P is the

(unique) path from u to r; then v € Vp. We say that u and v are comparable in ¥ provided
that u is either an ancestor or a descendant of v. We say that u is a child of v, or that v
is the parent of u, provided that u and v are adjacent, and that u is a descendant of v. A
vertex v € Vr is a leaf in T provided that v has no descendants. We say that the rooted
forest ¥ is good provided that for all semiadjacent u, v € Vr, one of u and v is a leaf in ¥.
Finally, we say that the trigraph T' is the closure of the rooted forest ¥ = (T, ry, ..., 1)
provided that:

o Vi =Vr;

e for all distinct u, v € Vyr, uv is an adjacent pair in 7" if and only if u and v are
comparable in T;

e for all distinct u, v € Vp/, uv is a semiadjacent pair in 7’ if and only if uv is a
semiadjacent pair in 7.

Homogeneous pairs of type one and two. A homogeneous pair (A, B) in a trigraph G
is said to be of type one in G provided that the associated partition (A, B,C, D, E, F) of
G satisfies all of the following:

(1) A is neither strongly complete nor strongly anticomplete to B;
(2)3=|AUB| = V5| —3;

(3) A and B are strongly stable sets;

(4) C, D, and F are all nonempty;

(5) E is empty;

(6) neither C nor D is strongly anticomplete to F.

A homogeneous pair (A, B) in a trigraph G is said to be of fype two in G provided there
exists a good rooted forest ¥ = (T, ry, ..., ry) such that the partition (A, B,C,D,E, F)
of G associated with (A, B) satisfies all of the following:
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(1) A is neither strongly complete nor strongly anticomplete to B;
(2)3=<|AUB| = V5| - 3;
(3) A is a strongly stable set;
(4) G[B] is the closure of T;
(5) if a € A is adjacent to b € B, then a is strongly adjacent to every descendant of b
ing;
(6) if all of the following hold:
—u,veBandu,veVr forsomeie {l,...,k},
uisachildof vin ¥,
— P is the (unique) path in 7; between r; and v,
X is the component of T; \ (Vp \ {v}) that contains « and v,
— Y is the set of vertices of X that are semiadjacent to v,
a € A is adjacent to u and antiadjacent to v;

then a is strongly complete to Y and to B \ (Vx U Vp), and strongly anticomplete
toVp\ {v}

(7) C, D, and F are all nonempty;

(8) E is empty;

(9) C is not strongly anticomplete to F';
(10) D is strongly anticomplete to F.

We will need the following result.

4.1. Let G be a trigraph, and let (A, B) be a homogeneous pair of type one or two in
one of G and G. Then (A, B) is a good homogeneous pair in G.

Proof. Recall that (A, B) is a good homogeneous pair in G if and only if (4, B) is a
good homogeneous pair in G. So we may assume that (A, B) is a homogeneous pair of
type one or two in G. Now, we need to prove the following:

¢ neither G[A] nor G[B] contains a three-edge path;

e there does not exist a path vi — v, —v3 —v4 in G such that v, v4 € A and v,,
vy € B;

e there does not exist a path vi — v, —v3 —v4 in G such that v;, v4 € B and v,,
vy € A.

If (A, B) is a homogeneous pair of type one, then A and B are both stable, and the result
is immediate. So assume that (A, B) is a homogeneous pair of type two. Then A is stable,
and so G[A] contains no three-edge path. Furthermore, there is no path vi — vy — v3 — vy
inG withv|, vy € Band v, v3 € A.Let ¥ = (T, ry, ..., r;) be a good rooted forest such
that G[B] is the closure of ¥, as in the definition of a homogeneous pair of type two.

Suppose that vi —vo — v3 — v4 is a three-edge path in G[B]; then vy, vo, v3,v4 € V7,
for some component 7; of T'. Since v| — v, — v3 is a path, v, is comparable to both v; and
v3 in T, and either v; and v3 are not comparable in ¥ or there exist distinct 7, j € {1, 2}
such that v; is a leaf in ¥ and v; is a child of and is semiadjacent to v;; it then easily
follows that v, is an ancestor of both v and v3. Similarly, since v, — v3 — v4 is a path, v3
is an ancestor of both v, and v4. But then v, is an ancestor of v3, and v3 is an ancestor of
vy, which is impossible. Thus, G[B] contains no three-edge path.

Suppose now that v — v, — vz — vy is a three-edge path in G with v;, v4 € A and
v2, v3 € B. Then v, and v3 are comparable in T; by symmetry, we may assume that vs is

Journal of Graph Theory DOI 10.1002/jgt



12 JOURNAL OF GRAPH THEORY

a descendant of v,. But then the fact that v; is adjacent to v, implies that v; is strongly
adjacent to v3, which contradicts the fact that vi — v, — v3 — v4 is a path. |

We now give the definition of an elementary expansion of a trigraph, and prove the
main result of this section.

Elementary expansions. Let H and G be trigraphs. We say that G is an elementary
expansion of H provided that Vg = |,y X,, where the X,’s are nonempty and pairwise
disjoint, and all of the following hold:

(1) if u, v € Vi are strongly adjacent, then X, is strongly complete to X,;

(2) if u, v € Vy are strongly antiadjacent, then X, is strongly anticomplete to X,;

(3) if v € Vi is not an endpoint of any semiadjacent pair of type one or two, or of
complement type one or two, then |X,| = 1;

(4) if u, v € Vi are semiadjacent, and neither (u, v) nor (v, u) is a semiadjacent pair
of type one or two, or of complement type one or two, then the unique vertex of
X, is semiadjacent to the unique vertex of X,;

(5) if (u, v) is a semiadjacent pair of type one or two in H, then either |X,| = |X,| = 1
and the unique vertex of X, is semiadjacent to the unique vertex of X,, or (X,,, X,)
is a homogeneous pair of type one or two, respectively, in G;

(6) if (u, v) is a semiadjacent pair of complement type one or two in H, then either
|X,| = |Xy] = 1 and the unique vertex of X,, is semiadjacent to the unique vertex
of X,, or (X, X,) is a homogeneous pair of type one or two, respectively, in G;

Note that every trigraph is an elementary expansion of itself.

4.2. Let G and H be trigraphs, and assume that G is an elementary expansion of H.
Then G is Berge if and only if H is Berge.

Proof. The “only if” part follows from the fact that every realization of H is an
induced subgraph of some realization of G. To prove the “if”” part, we assume that H is
Berge. Suppose that G is not Berge, and let W be the vertex set of an odd hole or an
odd antihole in G. By 4.1 and 2.3, we have that [W N X,| < 1 for all v € V5. But then
{veVy |WnNX, # @} is the vertex set of an odd hole or an odd antihole in H, which
contradicts the assumption that H is Berge. ]

5. CLASS T,

In this section, we state the definition of the class 7; from [5], and we derive the class 7;*
of all Berge trigraphs in 7;. The section is organized as follows. We first define “clique
connectors” and “tulips.” Clique connectors can conveniently be thought of as the basic
“building blocks” of trigraphs in 7; and 7;*. A clique connector consists of a bipartite
trigraph and a strong clique that “attaches” to the bipartite trigraph in a certain specified
way; a tulip is a special kind of clique connector. We next introduce trigraphs called “tulip
beds,” which consist of a bipartite trigraph and an unlimited number of strong cliques
that “attach” to the bipartite trigraph as partially overlapping tulips. We prove that each
tulip bed is Berge (see 5.6). We then define “melts” (which are tulip beds and therefore
Berge), and trigraphs that “admit an H -structure” for some “usable” graph H. The class
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7, is defined to be the collection of all melts and all trigraphs that admit an H -structure
for some usable graph H. Finally, we define the subclass 7;* of 7;, and to complete the
section, we prove that every trigraph in 7;* is a tulip bed (and therefore Berge), and that
every Berge trigraph in 7; is in 7;*. (However, we note that not every tulip bed is bull-free,
and consequently, the class 7, is only a proper subclass of the class of all tulip beds.)

Clique connectors. Let G be a trigraph such that Vo = KUAUBUC U D, where K,

A, B, C, and D are pairwise disjoint. Assume that K = {ki, ..., k,} is a strong clique, and
that A, B, C, and D are strongly stable sets. LetA = | J;_, A, B=J._, B..C = U'_, C,,
and D = U;=1Dr’ and assume that A, ..., A, By,...,B,,Ci,...,C,, Dy,...,D, are
pairwise disjoint. Assume that for all i € {1, ..., ¢}, the following hold:

(1) A; is strongly complete to {ki, ..., ki_1};

(2) A; is complete to {k;};

(3) A, is strongly anticomplete to {k;11, ..., k};

(4) B; is strongly complete to {k;_;;2, ..., k};
(5) B;is complete to {k;_;11};
(6) B, is strongly anticomplete to {k, ..., k_;}.

Foreachie {1,...,t}, let A;- be the set of all vertices in A; that are semiadjacent to k;,
and let B; be the set of all vertices in B; that are semiadjacent to k,_; 1 (thus, |A]| < 1 and
|Bi| < 1). Next, assume that:

(7) if there exist some i, j € {1, ..., ¢} suchthati+ j # ¢ and A; is not strongly com-
plete to B}, then |[K| = |A| = |B| = 1, and the unique vertex of A is semiadjacent
to the unique vertex of B;

(8) foralli e {1,...,t}, A} is strongly complete to B,_;, B, is strongly complete to
A;, and the adjacency between A; \ A. and B,_; \ B;_, is arbitrary;

(9) A UK is strongly anticomplete to D, and B UK is strongly anticomplete to C;

(10) foralli € {1, ..., t},C;1is strongly complete to U_’;'l A and strongly anticomplete
to U_I/:H-l Aj;

(11) foralli € {1, ...,t},C;is strongly complete to A’, every vertex of C; has a neighbor
in A;, and otherwise the adjacency between C; and A, \ A’ is arbitrary;

(12) foralli € {1, ...,t}, D;1is strongly complete to U;_:ll B and strongly anticomplete
to U1 B

(13) foralli € {1, ..., t},D;is strongly complete to B/, every vertex of D; has a neighbor

in B;, and otherwise the adjacency between D; and B; \ B; is arbitrary;

(14) foralli, j € {1,...,t},if i + j > t then C; is strongly complete to D ;, and other-
wise the adjacency between C; and D) is arbitrary;

(15) A; and B, are both nonempty.

We then say that G is a (K, A, B, C, D)-clique connector. If for all i, j € {1, ..., ¢}
such that i + j # ¢t we have that A, is strongly complete to B;, then we say that G is a
nondegenerate (K, A, B, C, D)-clique connector; otherwise, we say that G is degenerate.
If C and D are both empty, and for all i, j € {1, ..., t} such that i + j # ¢ we have that
A, is strongly complete to B, then we say that G is a (K, A, B)-tulip.

We say that a trigraph G is a clique connector provided that there exist some
K,A,B,C,D such that G is a (K, A, B, C, D)-clique connector; we say that G is a de-
generate (respectively: nondegenerate) clique connector provided that there exist some
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K, A, B,C, D such that G is a degenerate (respectively: nondegenerate) (K, A, B, C, D)-
clique connector. We say that G is a fulip if there exist some K, A, B such that G is a
(K, A, B)-tulip.

We observe that G is a (K, A, B,C, D)-clique connector if and only if G is a
(K, B, A, D,C)-clique connector; similarly, G is a (K, A, B)-tulip if and only if G is
a (K, B, A)-tulip; we will exploit this symmetry throughout the section. We also note that
if Gisa (K, A, B, C, D)-clique connector, then G[A U B U C U D] is a bipartite trigraph
with bipartition (A U D, B U C). Finally, we note that G is a (K, A, B)-tulip if and only if
G is a nondegenerate (K, A, B, ¥, #J)-clique connector.

All nondegenerate clique connectors (and therefore, all tulips) are Berge, as we will see
in a slightly more general setting later in the section (see 5.6 and the comment after it).
For now, we prove three results about clique connectors and tulips. The first (5.1) gives
a necessary and sufficient condition for a degenerate clique connector to be Berge; the
second (5.2) states that each Berge degenerate clique connector becomes nondegenerate
after relabeling; and the third (5.3) is a technical lemma about tulips that will be used
throughout this section.

5.1. Let G be a degenerate (K, A, B, C, D)-clique connector. Then G is Berge if and
only if at least one of C and D is empty.

Proof. Since G is degenerate, we can set K = {k;}, A=A ={a}, and B=B| =
{b}, with a and b semiadjacent. Furthermore, by axiom (14) from the definition of a
clique connector, we know that C is strongly complete to D. Now, for the “only if”
part, we observe that if both C and D are nonempty with some ¢ € C and d € D, then
ky —a—c—d—b—k; is an odd hole in G, and so G is not Berge. For the “if” part,
suppose that at least one of C and D is empty. If both C and D are empty, then |Vi| = 3
and G is Berge. So suppose that exactly one of C and D is empty; by symmetry, we
may assume that C # ¢ and D = (. Now, we claim that C is a homogeneous set in G.
First, we know by axiom (11) from the definition of a (K, A, B, C, D)-clique connector
that every vertex in C has a neighbor in A; since A = {a} and a is semiadjacent to
b ¢ C, it follows that C is strongly complete to A. Second, by axiom (9), we know that
C is strongly anticomplete to K U B. Thus, C is a homogeneous set in G, as claimed.
Since |K| = |A| = |B| = 1, and since D = @, it follows that G is obtained by substituting
the trigraph G[C] for a vertex in a four-vertex trigraph. G[C] is Berge because C is a
strongly stable set in G, and clearly, every four-vertex trigraph is Berge. By 2.2 then, G is
Berge. ]

5.2. If G is a degenerate (K, A, B, C, #)-clique connector, then G is a nondegenerate
(B, A, K, C, 0)-clique connector, and if G is a degenerate (K, A, B, @, D)-clique connec-
tor, then G is a nondegenerate (A, K, B, @, D)-clique connector.

Proof. This is immediate from the definition. |

5.3. Let G be a (K, A, B)-tulip, and let p; — p» — p3 — pa be a path in G such that
D2, p3 € K. Then either p; € A and py € B, or py € B and p4 € A.

Proof. Since K is a strong clique, we know that p;, ps ¢ K; thus, p;, ps € AUB.
Now, suppose that neither of the stated outcomes holds. By symmetry then, we may

assume that pi, ps € A. Set K = {ky, ..., k} as in the definition of a tulip, and set
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D> = k; and p3 = k;; by symmetry, we may assume that i < j. Since py is adjacent to
p3 = k;, we know that py is strongly complete to {ki, ..., k;_(}, and so in particular, p4
is strongly adjacent to p, = k;, which is a contradiction. |

Tulip beds. We say that a trigraph G is a fulip bed provided that either G is bipatrtite,
or Vg can be partitioned into (nonempty) sets Fi, F>, Y1, ..., Y, (for some integer s > 1)
such that all of the following hold:

(1) F and F, are strongly stable sets;

(2) Yy, ..., Y, are strong cliques, pairwise strongly anticomplete to each other;

(3) for all v € F; U F5, v has neighbors in at most two of Yy, ..., Y;

(4) for all adjacent v € Fj and v, € F5, v| and v, have common neighbors in at most
oneof Yy, ..., Y

(5) foralll € {1, ..., s}, if X; is the set of all vertices in F; U F, with a neighbor in Y},
then G[Y; UX;]isa (Y;, X; N Fy, X; N F)-tulip.

As we stated at the beginning of this section, not all tulip beds are bull-free (e.g., a
bull that contains no semiadjacent pairs is easily seen to be a tulip bed). However, all
tulip beds are Berge, and we now turn to proving this fact. We begin with some technical
lemmas.

5.4. Let G be a tulip bed, and let F\, F>,Y,, ..., Y, X1, ..., X be as in the definition
of a tulip bed. Let vy € Fi,v, € F>,andl € {1, ..., s}, and assume that v| and v, have a
common neighbor inY;. Then both of the following hold:

® vV, is a strongly adjacent pair;
® v, and v, have no common antineighbor in Y;.

Proof. Clearly,v;, v, € X;.SetK =Y,,A =X, NFj,andB = X; N F,.Now G[Y; U X;]
is a (K, A, B)-tulip, v; € A, v, € B, and v| and v, have a common neighbor in K. Set
K ={ki,...,k},A=J_ A, and B = |J;_, B; as in the definition of a (K, A, B)-tulip.
Fix i € {1, ...,t} such that k; is a common neighbor of v; and v,. Fix p,q € {1, ...t}
such thatv; € A,and v, € B,. Since v; € A, is adjacent to k;, we know by axioms (1), (2),
and (3) from the definition of a (K, A, B)-tulip that i < p; and since v, € B, is adjacent
to k;, we know by axioms (4), (5), and (6) thatt — g+ 1 <i. Thus,t — g+ 1 < p, and
so p+qg >t -+ 1. In particular, p+ ¢ # ¢, and so A, is strongly complete to B, (this
follows from the fact that tulips are nondegenerate clique connectors). Since v; € A, and
V2 € B, it follows that v;v; is a strongly adjacent pair.

It remains to show that v; and v, do not have a common antineighbor in Y;. Suppose
otherwise; fix j € {1,...,t} such that k; is antiadjacent to both v; and v,. Since k; is
antiadjacent to v; € A,, we know by axioms (1), (2), and (3) from the definition of a
(K, A, B)-tulip that p < j; and since k; is antiadjacent to v, € B,, we know by axioms (4),
(5),and (6)that j <t — g+ 1.Butnowp <t — g+ l,andsop+ g <t + 1. We showed
before that p + ¢ > ¢ + 1, and so it follows that p + ¢ = ¢ + 1, and consequently, that
J=p=t—q+1.Sincek; = k,is antiadjacenttov; € A, axiom (2) from the definition
of a (K, A, B)-tulip 1mp11es that k‘ is semiadjacent to vy; similarly, since k; = k;_,4 is
antiadjacent to v, € B, axiom (5) implies that k; is semiadjacent to v,. But now k; is
semiadjacent to both v; and v,, which is impossible by the definition of a trigraph. W
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We remark that a result very similar to 5.4 was proven in [3] (see the proof of 3.1,
statements (1) and (3), from [3]).

5.5. No tulip bed contains a three-edge path with a center.

Proof. Let G be a tulip bed, and suppose that p; — p, — p3 — ps is a path
with a center p. in G. Since G contains a triangle, G is not bipartite. Then let
Fi,F, Y, ..., Y, X\, ..., X, be as in the definition of a tulip bed.

Our first goal is to show that p. ¢ F; U F,. Suppose otherwise. Since {p., p2, p3} is
a triangle, we know that p, and p3; cannot both lie in /| U F,; by symmetry, we may
assume that p, ¢ F; U F3; thus, p, € Y; for some [ € {1, ..., s}. We claim that p; €Y.
Suppose otherwise. Since p,ps3 is an adjacent pair and the strong cliques Y, ..., Y
are strongly anticomplete to each other, this means that p; € F; UF,. Now, {p., p3, pa}
is a triangle, and so p4 ¢ F; UF,. Since p., p3 € F; UF, are adjacent with a common
neighbor p, €Y, axiom (4) from the definition of a tulip bed implies that all common
neighbors of p. and p; liein Y}, and so p4 € Y;. But then p,, p4 € Y;, which is impossible
since p, p4 is an antiadjacent pair and Y; is a strong clique. Thus, p3 € ¥;. Now, p», p3 € Y},
Y, is a strong clique, and p,ps; and p,p4 are antiadjacent pairs; thus, p;, ps ¢ ¥;, and
therefore, pi, ps € Fy UF;. Clearly, p., p1, p4 € X;; by symmetry, we may assume that
pe € X; NF. Since p. is complete to {p;, p4} and F; is strongly stable, it follows that
D1, p4 € X; N F,. But then the path p; — p, — p3 — p4 contradicts 5.3. This proves that
pe EFLUR,.

Let/ € {1, ..., s} besuchthat p. €Y. Since p. € Y; is complete to {p;, p2, p3, pa}, we
know that py, p2, p3, p4+ € Y; UX;. Since p;p4 is an antiadjacent pair, p; and p4 cannot
both lie in ¥;; by symmetry, we may assume that p; € X; N F}. Since p) p, is an adjacent
pair, there are two cases to consider: when p;, € Y}, and when p, € X; N F;. Suppose first
that p, € Y;. Since p,p, is an antiadjacent pair, this means that p4 ¢ Y;; since p;py is
an antiadjacent pair with a common neighbor in ¥;, and since p; € X; N Fy, 5.4 implies
that p, € X; N F;. Since p3p4 is an adjacent pair, we know that p3 ¢ X; N F}; and since
p1 € X; N F; and p3 are antiadjacent with a common neighbor in ¥;, we know by 5.4 that
p3 ¢ X; N F,. Thus, p3 € Y;. But then the path p; — p, — p3 — p4 contradicts 5.3. Thus,
p2 € X; N F,. The fact that p, p, is an antiadjacent pair with a common neighbor p, € Y},
together with the factthat p; € X; N Fy, implies (by 5.4) that p4 ¢ X; N F,. Similarly, since
P2p4 1s an antiadjacent pair with a common neighbor p. € Y;, and since p, € X; N F,,
we have that ps ¢ X; N F}. Finally, since p; € X; N F} and p, € X; N F, have a common
neighbor p. € Y, 5.4 implies that p; and p, have no common antineighbor in Y;, and so
ps ¢ Y,. But then py ¢ Y; U X;, which is a contradiction. |

5.6. Each tulip bed is Berge.

Proof. Let G be a tulip bed. Since every antihole of length at least seven contains a
three-edge path with a center, 5.5 implies that G contains no antihole of length at least
seven. Since each antihole of length five is also a hole of length five, this reduces our
problem to proving that G contains no odd holes. If G is bipartite, then the result is
immediate; so assume that G is not bipartite. Now let F, F>, Yy, ..., Y, X1, ..., X, be as
in the definition of a tulip bed.

Suppose that wg — w| — - - - — wyr — wy (With indices in Zy; | for some integer k > 2)
is an odd hole in G, and set W = {wg, wy, ..., wx}. We will obtain a contradiction by
showing that G[W] is bipartite. Note that it suffices to show that for all / € {1, ..., s},
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GIW N (Y, UF, UF,)] is bipartite with some bipartition (F/, F}) such that W N F; C F/

andW NF, C F2[ , for then the fact that Yy, ..., Y, are pairwise strongly anticomplete to
each other will imply that G[W ] is bipartite with bipartition ((_;_, F!, U,_, F3)-
We begin by showing that for all / € {1, ..., s} and i € Zy;; such that w; € Y, w; is

strongly anticomplete to at least one of W N F; and W N F,. Suppose otherwise. Fix some
lef{l,...,s}and i € Zyy such that w; € ¥;, and w; has neighbors in both W N F| and
W N F,. First, note that w; is anticomplete to at least one of W N F; and W N F,; indeed if
there existed some i, iy € Zogy1 suchthatw;, € W N Fi,w;, € W N F,, and w; is strongly
adjacent to both w;, and w;,, then (by 5.4) w;, and w;, would be strongly adjacent, and
{wi, wi,, wi,} would be a strong triangle in G[W ], which is impossible. Now suppose that
there exist some iy, i» € Zy; such that w;, e W NFy, wi, € W N F,, w; is adjacent to
both w;, and w;, and semiadjacent to one of them. By symmetry, we may assume that w;
is strongly adjacent to w;, and semiadjacent to w;,; thus, w; is anticomplete to W N F,.
Since w;, € F; and w;, € F, have a common neighbor w; € Y;, 5.4 implies that w; w;, is a
strongly adjacent pair. Since w;w;, and w;, w;, are strongly adjacent pairs, by symmetry, we
may assume that w;, = w;y; and w;, = w;p,. Since w;w;;, is a semiadjacent pair, w;_w;
is a strongly adjacent pair; as w; is anticomplete to W N F,, it follows that w;_; ¢ F>.
Next, the fact that w; | € F; and w;y, € F; have a common neighbor in ¥; implies (by
5.4) that w; ;| and w;1, do not have a common antineighbor in Y;; thus, the fact that w;_;
is antiadjacent to both w;; and w;;, implies that w;_; ¢ Y;. It follows that w;_; € Fj.
Then since w;_; € F| and w;, € F, have a common neighbor w; € ¥;, we know (by
5.4) that w;_;w; 1, is a strongly adjacent pair, which is impossible. Thus, w; is strongly
anticomplete to at least one of W N Fy and W N F5.

Next, fix / € {1, ..., s}. We need to show that GIW N (Y; U F} U F,)] is bipartite with
some bipartition (F/, F}) such that W N Fy € F] and W NF, C F]. Since ¥, is a strong
clique, we know that [W NY;| <2.IfW NY; = @, then G[W N (¥; U F; U F,)] is bipartite
with bipartition (W N F;, W N F,), and we are done. So assume that 1 < |W NY;| < 2.

Suppose first that [W NY;| = 1, say W NY; = {w;}. By the above, w; is strongly an-
ticomplete to at least one of W N F; and W N F,. By symmetry, we may assume that
w; is strongly anticomplete to W N F;. But then GIW N (Y; U F} U F3)] is bipartite with
bipartition (W N Fy) U {w;}, W N F,).

Suppose now that |W NY;| = 2; since ¥, is a strong clique, this means that W NY; =
{w;, wiy,} for some i € Zy;;. Clearly then, w;_, wi1p € X;. Now, wi_| — w; — Wi —
wiyo is a three-edge path with w;, w1 € ¥; and w;_|, w;1» € F} UF,; it then follows
from 5.3 that either w;_; € F} and w;, € F,, or w;_; € F, and w;, € F}; by symmetry,
we may assume that the former holds. Then since each of w; and w;; is strongly anti-
complete to at least one of W N F; and W N F,, it follows that w; is strongly anticomplete
to W N F,, and w;y; is strongly anticomplete to W N F|. Thus, FIW N (Y; U F; UF)]
is bipartite with bipartition (W N Fy) U {w;1}, W N F>) U {w;}). This completes the
argument. ]

We observe that every tulip and every nondegenerate clique-connector is a tulip bed
and therefore Berge.

Melts. Let G be a trigraph. Assume that Vo = K UM UA U B, where K and M are
strong cliques, A and B are strongly stable sets, and K, M, A, and B are pairwise disjoint.
Assume that [A] > 2 and |B| > 2,and that K = {k, ..., k,}and M = {m,, ..., m,}. Let
A =Ly U} Aij» where the A; ;’s are pairwise disjoint; and let B = (Ji, U} Bi.»
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where the B; ;’s are pairwise disjoint. Assume that Ay o = By o = ¥. Assume that for all
iefl,...,m} Ao =J]_A],, where the A/ ’s are pairwise disjoint, and assume that

forall j € {1,...,n},Ao; = UL, Aé, j» Where the Aé) ;s are pairwise disjoint. Similarly,

assume that foralli € {1,...,m},B;o = U’;’:o B{.o’ where the B*f‘o’s are pairwise disjoint,

apq assume that for all j € {1,...,n}, Bo; = ", Bf)’j, where the B{)J’s are pairwise
disjoint. Assume also that:

(1) K is strongly anticomplete to M;

(2) forallie{l,...,m}and j € {1,...,n}, A, ;is:

— strongly complete to {ky, ..., ki—1} U {m,—jt2, ..., m,},
— complete to {k;, m,_j41},
— strongly anticomplete to {kit1, ..., k,} U {m, ..., m,_;};

(3) foralli e {1,...,m}and j € {1,...,n}, B, ;is:

— strongly complete to {k,—it2, ..., kn} U{mi, ..., mj_1},
— complete to {k,—i+1, m,},
— strongly anticomplete to {ky, ..., ku—;} U{mj1, ..., m,};

(4) foralli e {l,...,m},A;pis:

— strongly complete to {ki, ..., ki_1},

— complete to {k;},

— strongly anticomplete to {k;y1, ..., k,} UM;
(5) forall j € {1,...,n},Ap;is:

— strongly complete to {m,— 2, ..., My},

— complete to {m,_ 1},

— strongly anticomplete to K U {my, ..., m,_;};
(6) foralli e {l,...,m},B;ois:

— strongly complete to {k;—i12, - - ., kin}s

— complete to {k,—i+1},

— strongly anticomplete to {k, ..., k,—;} UM;
(7) forall j € {1,...,n},Bgis:

— strongly complete to {my, ..., m;_1},

— complete to {m,},

— strongly anticomplete to K U {m 41, ..., m,};

(8) the sets | Ji_o A j» UiLoAins U= Bm.j» and /L B; , are all nonempty;

9) foralli,i’ €{0,...,m}and j, j/ € {0,...,n} suchthati < i and j < j/, at least
one of the sets A; ; and A; ; is empty, and at least one of the sets B; ; and By j is
empty;

(10) foralli € {1,...,m}and j € {1,..., n}, A; ; is strongly complete to B, and B; ; is
strongly complete to A;

(11) foralli, i’ € {1, ..., m}, A; is strongly complete to By o;

(12) forall j, j/ € {1, ..., n}, Ayg,j is strongly complete to By ;;

(13) foralli e {1, ..., m}, A?,o is strongly anticomplete to Ul;':l By, j, and every vertex
of AY has a neighbor in ;' U_, Bi

(14) wforall j € {1,...,n},A) ; is strongly anticomplete to [ JiZ, B; , and every vertex
of A7 ; has a neighbor in (Ui, U, Bi j;

(15) foralli e {1, ..., m}, B?,o is strongly anticomplete to Ul;':1 Ao, j, and every vertex
of By has a neighbor in (i, U]_, As j
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(16) forall j € {1, ..., n}, BO is strongly anticomplete to |_J?_, A; o, and every vertex
ofB0 has a nelghbor in Um U/ 1 Ai s
(17) for allz ef{l,...,m}and j €{l,...,n}

- every vertex of Ai has a neighbor in B; ,
- A’ 1s strongly complete to U —1Bi 0,

- A’ 1s strongly anticomplete to Ul,,lH By o,
- eyery vertex of A}'/, o has a neighbor in By,

- A‘/0 is strongly complete to UJ_I] By jis

- A ;.0 1s strongly anticomplete to U’ 7=j+1Bo.js
- every vertex of B’ has a nelghbor in A; o,

- B’ 1s strongly complete to U, —1 47,0,

- B’ ; is strongly anticomplete to Ui Aros
- eyery vertex of B/ has a neighbor in Ao ),

- B! 0 is strongly complete to U’ :ll Ao,

- B i o 18 strongly anticomplete to U’ Ao, j

Jj=j+1
Forallie {1,...,m}and j € {1, ..., n}:

(18) let A, be the set of all vertices in A; o that are semiadjacent to k;;
(19) let A’ be the set of all vertices of A ; that are semiadjacent to m,_;;;

(20) let B: be the set of all vertices of B; ( that are semiadjacent to k,,—;1;
(21) let B/ be the set of all vertices of By ; that are semiadjacent to m;.

Assume that:

(22) foralli e {1,...,m}, A ;.0 1s strongly complete to U j'
(23) forall j € {1, .. n} A’ 1s strongly complete to U, 1 ,o;
(24) foralli e {1,...,m}, B’ (0 1s strongly complete to U Ay IE

(25) forall j € {1,...,n}, B) ; is strongly complete to [ JiZ, A’
Finally, assume that:

(26) there exist some i € {1,...,m} and j € {1, ..., n} such that at least one of A, ;
and B, ; is nonempty;

(27) foralli,i e {1,...,m}and j, j € {1,...,n},ifi+i{>m+1land j+j >n+
1, then at least one of A; ; and B; ; is empty.

Under these circumstances, we say that G is a melt. We say that G is an A-melt if
Bij=@forallie{l,...,m}and je{l,...,n}. We say that G is a B-melt if A; ; =0
forallie{l,...,m}and j e {l,...,n}. We say that G is a double melt if there exist
i,i" ef{l,...,m}and j, j € {l,...,n}suchthatA; ; # ¢ and By ; # 0.

5.7. Every melt is a tulip bed, and consequently, every melt is Berge.

Proof. Let G be a melt; we use the notation from the definition of a melt. Set F; = A,
F, =B,Y, =K, and Y, = M. Further, note that [ J;_, [}_(A; ; UB, ;) is the set of all
vertices in F; UF, = AU B with aneighborinY; = K;setX; = (JI_ U?:o (AijUB, ).
Similarly, note that | J;Z, J_, (A; ; UB; ;) is the set of all vertices in F; UF, = AUB

Journal of Graph Theory DOI 10.1002/jgt



20 JOURNAL OF GRAPH THEORY

with a neighbor in Y, = M, and set X, = U, U}, (A;; U B; ;). With this setup, it is
easy to check that G is a tulip bed, and we leave the details to the reader. Since each tulip
bed is Berge (by 5.6), this implies that G is Berge. |

In fact, it is possible to get a slightly stronger result: if G is a melt, and K, M, A, and B
are as in the definition, then G \ K and G \ M are both nondegenerate clique connectors,
as the reader can check. However, 5.7 is sufficiently strong for the purposes of this article.

The class 7;. The degree of a vertex v of a graph H, denoted by degy (v), is the
number of edges of H that are incident with v; v is an isolated vertex in H provided
that degy (v) = 0. We say that a (possibly empty) graph H is usable provided that H is
loopless (possibly with parallel edges) and triangle-free, and that no vertex in H is of
degree greater than two.

Let H be a usable graph, and let G be a trigraph. Assume that there exists some L C Vj;
and a map

h:Vy UEy U (Ey x Vi) — 2%\
such that all of the following hold:

(1) for all distinct x, y € Vi U Ey U (Ey X Vi), h(x) and h(y) are disjoint;
(2) Ve \L =UhlVy UEy U (Ey x Vy)];
(3) for every isolated vertex v € Vi, h(v) # @;
(4) forevery e € Ey, h(e) # 0;
(5) forevery e € Ey and v € Vi, h(e, v) # (4 if and only if e is incident with v;
(6) for all distinct u, v € Vi, h(u) is strongly anticomplete to 4(v);
(7) for all v € Vi, h(v) is a (possibly empty) strong clique;
(8) every vertex in L has a neighbor in at most one set 4(v) with v € Vy;
9 GILU U(,GEH h(e)] is triangle-free;
(10) forevery e € Ey and a € L, a is either strongly complete or strongly anticomplete
to h(e);
(11) for all distinct e, f € Ep, h(e) is either strongly complete or strongly anticomplete
to h(f), and if e and f share an endpoint, then %(e) is strongly complete to 4 (f);
(12) for every e € Ey and v € Vy, h(e) is strongly anticomplete to /(v);
(13) for every v € Vi, let S, be the set of all vertices in L with a neighbor in 4(v), and
let T, be the set of all vertices in (L U |_J h(e)) \ S, with a neighbor in S, ; then

ecky
either:
— h(v) =@ (in which case S, =T, =), and we set A, =B, =C, =D, =0,
or

— there exist pairwise disjoint A,, B,,, C,, D, such that S, = A, UB,, T, =C, U
D,, and G[h(v) U S, UT,]isa (h(v), A, B,, C,, D,)-clique connector;

(14) for every v € Vy, if degy (v) > 1 and h(v) # @, then G[h(v) US, UT,] is a non-
degenerate (h(v), A,, B,, C,, D,)-clique connector;

(15) for all distinct e, f € Ey and v € Vi, h(e, v) is strongly complete to A(f, v);

(16) for all (not necessarily distinct) e, f € Ey and distinctu, v € Vi, h(e, u) is strongly
anticomplete to i (f, v).

(17) forall e € Ey and v € Vy, h(e, v) is strongly complete to i (v);

(18) for all e € E and distinct u, v € Vi, h(e, v) is strongly anticomplete to s (u);

(19) for all distinct e, f € Ey and v € Vi, h(e, v) is strongly anticomplete to 2(f);
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(20) forall e € Eyy and v € Vi, h(e, v) can be partitioned into a (possibly empty) strong
clique h°(e, v) and a (possibly empty) strongly stable set 4*(e, v);

(21) for all e € Ey with (distinct) endpoints u, v € Vi, G[h(e) U h(e,v) U h(e, u)]
is an h(e)-melt such that h(e) = A, h‘(e,v) =K, h“(e,u) =M, and h’(e,v) U
h*(e,u) = B, with h* (e, v) = |J/_, Bip and A’ (e, u) = U';Zl By, j, where K, M, A,
B, m, and n are as in the definition of an A-melt;

(22) for all e € E with (distinct) endpoints u, v € Vyy, either all of the following hold,
or they all hold with the roles of (A,, A,) and (B, B,) switched:

— h(e) is strongly complete to B, U B,,

— h(e, v) is strongly complete to A, and strongly anticomplete to L \ A,,

- every vertex of (LU scp, (o () \ (A, UA,) with a neighbor in A, UA,
is strongly complete to A (e).

We then say that G admits an H-structure.

We define 7; to be the class of all trigraphs G such that either G is a double melt
or G admits an H-structure for some usable graph H. We observe that all triangle-free
trigraphs are in 77 (a triangle-free trigraph admits an H-structure for the empty graph
H), as are all clique-connectors (a clique connector admits an H -structure for the single-
vertex graph H), and all melts (double melts are in 7] by definition, and an A-melt admits
an H-structure for the complete graph H that consists of a single edge).

It is easy to see that not all trigraphs in 7; are Berge. First of all, if G admits an

H-structure for some usable graph H, then G[L U UgeE” h(e)] may contain odd holes.
Second, if v is an isolated vertex in H, then G[h(v) U S, U T,] may be a degenerate clique
connector, and as we saw in 5.1, not all degenerate clique connectors are Berge. It turns
out that these two are the only “anomalies” whose presence can prevent a trigraph in 7,
from being Berge. The definition of the class 7;*, to which we turn next, eliminates these
anomalies. In addition, we note that if a trigraph G admits an H -structure for some usable
graph H, and e, f € Ey are distinct edges, then /(e) and h(f) are strongly complete to
each other if e and f share an endpoint, but the converse need not hold: z(e) and i(f)
may be strongly complete to each other even if e and f do not share an endpoint. In the
definition of 7;*, we use “usable 4-tuples,” defined below, instead of usable graphs, in
order to “encode” the adjacency in L U | J,. £, N(e) more precisely.
The class 7,*. Let H be a bipartite graph (possibly empty and possibly with parallel
edges), none of whose vertices are of degree greater than two. Let L be a (possibly empty)
set such that Vi; N L = (. Let H' be a bipartite trigraph such that Vy; = Ey U L. Assume
that for all distinct e, f € Ey that share at least one endpoint, ef is a strongly adjacent
pair in H’; assume also that every semiadjacent pair in H' has both of its endpoints in L.
Let (E|, E}) be a bipartition of the bipartite trigraph H'. Under these circumstances, we
say that (H, H', E|, E}) is a usable 4-tuple.

Let (H,H', E{, E’) be a usable 4-tuple, let L = Vj; \ Ey, let G be a trigraph, and let
E\, E; C Vi. We then say that (G, Ey, E,) admits an (H, H’, E{, E})-structure provided
that L C Vi, and that there exists a map

h:Vy UER U (Ey x Vi) — 2"\
such that all of the following hold:
(1) for all distinct x, y € Vi U Ey U (Ey X Vi), h(x) and h(y) are disjoint;
2)Veg=LU UveVu h(v)uU UeeE” h(e) U U((,J,)EE”X‘/” h(e,v);
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(3) for all v € Vi, h(v) is a (possibly empty) clique;

(4) for all isolated vertices v € Vi, h(v) # @;

(5) for all e € Ey, h(e) is a (nonempty) strongly stable set;

(6) forall e € Ey and v € Vi, h(e, v) # (4 if and only if e is incident with v;

(7) foralle € Ejy and v € Vi, h(e, v) can be partitioned into a (possibly empty) strong
clique h¢(e, v) and a (possibly empty) strongly stable set #°(e, v);

(8) forall e € Eyy and v € Vy, if e is incident with v then 4° (e, v) and 4° (e, v) are both
nonempty, and if e is not incident with v then h°(e, v) = h'(e, v) = 0;

9 E\UE,=LU UeeEH h(e) U UeeEH UVEVH (e, v);

(10) E\NE, =0,

(11) forallx € Landi € {1,2},ifx € E/ thenx € Ej;

(12) foralle € Ey and i € {1,2},if e € E] then h(e) C E;

(13) forall e € Ey, v € Vi, and all distinct i, j € {1, 2}, if e € E/ then A*(e, v) C E};

(14) H'[L] = G[L];

(15) for all x € L and e € Ey, if xe is a strongly adjacent pair in H’ then x is strongly
complete to i(e), and if xe is a strongly antiadjacent pair in H' then x is strongly
anticomplete to &(e);

(16) forall distincte, f € Ey, if ef is a strongly adjacent pair in H' then A (e) is strongly
complete to 2(f), and if ef is a strongly antiadjacent pair in H’ then A(e) is strongly
anticomplete to i(f);

(17) for all v € Vi, if S, is the set of all vertices in L that have a neighbor in A(v),
and T, is the set of all vertices in (LU J,z, i(e)) \ S, that have a neighbor in
S,, then either A(v) = @ (in which case S, =T, = ¥) or G[h(v)US, UT,] is a
nondegenerate (h(v), S, NE}, S, NE,, T, N E,, T, N E})-clique connector;

(18) for all distinct e, f € Ey and v € Vi, h(e, v) is strongly complete to A(f, v);

(19) for all (not necessarily distinct) e, f € Ey and distinctu, v € Vi, h(e, u) is strongly
anticomplete to i(f, v);

(20) forall e € Ey and v € Vy, h(e, v) is strongly complete to i (v);

(21) for all e € E and distinct u, v € Vi, h(e, v) is strongly anticomplete to s (u);

(22) for all distinct e, f € Eyy and v € Vi, h(e, v) is strongly anticomplete to 2(f);

(23) for all e € Ey with (distinct) endpoints u, v € Vi, G[h(v) U h(e, v) U h(e, u)]
is an h(e)-melt such that h(e) = A, h‘(e,v) =K, h‘(e,u) =M, and h’(e,v) U
h* (e, u) = B, with h* (e, v) = U, Bip and K’ (e, u) = U’;=1 By, j, where K, M, A,
B, m, and n are as in the definition of an A-melt;

(24) for all e € Ey with (distinct) endpoints u, v € Vi, and all distinct i, j € {1, 2} such
that e € E/, all of the following hold:

— h(e) is strongly complete to (S, US,) NE;,

— h(e, v) is strongly complete to S, N E; and strongly anticomplete to L \ (S, N
E;),

— every vertex of (LU UfeE”\{e} h(f))\ (S, US,) NE;) with a neighbor in
(S, US,) NE; is strongly complete to /(e).

We leave it to the reader to check that if (H,H', E|, E}) is a usable 4-tuple and
(G, E\, E,) admits an (H, H', E|, E})-structure, then H is a usable graph, G admits an
H-structure, and E| and E, are both (possibly empty) strongly stable sets.

We say that a trigraph G belongs to the class 7;* provided that either G is a double
melt, or there exist £, E, € V; and ausable 4-tuple (H, H', E7, E) such that (G, E, E»)
admits an (H, H', E}, E)-structure.
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We observe that all bipartite trigraphs are in 7;*, as are all nondegenerate clique
connectors (and therefore all tulips), and all melts. Further, we remind the reader that the
class 7; consists of trigraphs G such that either G is a double melt or there exists a usable
graph H such that G admits an H-structure. Thus, the class 7" is a subclass of the class
7.

Our goal for the remainder of this section is to establish that each trigraph in 7;* is a
tulip bed and therefore Berge, and that each Berge trigraph in 7; is in 7".

5.8. Each trigraph in 1" is a tulip bed. Consequently, each trigraph in 1" is Berge.

Proof. By 5.6, it suffices to prove the first statement. Let G € 7,*. If G is a double melt,
then we are done by 5.7. So assume that there exists some usable 4-tuple (H, H', E{, E})
and some E; and E; such that (G, E;, E») admits an (H, H’, E{, E})-structure. If H is
the empty graph, then G is bipartite and therefore a tulip bed; so assume that H is not
empty. We use the notation from the definition of a triple (G, E|, E,) that admits an
(H,H',E{, E})-structure. Set F; = E| and F, = E,. We may assume that the vertex set

of H is {vy, ..., vy} for some integer s > 1; then foreach/ € {1, ..., s}, setY; = h(v;) U
U.c En h¢(e,v;). We observe thatYy, ..., Y, partition Vi \ (F; U F>) into nonempty strong
cliques, pairwise strongly anticomplete to each other. Next, for each / € {1, ..., s} and

e € Ey, let h'(e) be the set of all vertices in h(e) with a neighbor in h¢(e, v;); then
Sy, U U(,EE” h(e) U UeeE” h* (e, v;) is the set of all vertices in Fy UF, = E; U E, with a
neighbor in ¥;, and so we set X; = S, U |J,cf, H (e) U Ueer, 7° (e, vi). With this setup,
it is easy to see that G is a tulip bed. ]

As with melts (see the comment after 5.7), it is possible to get a slightly stronger result
than the one that we stated in 5.8. The reader can check that if (G, E;, E;) admits an
(H,H', E{, E})-structure for some usable 4-tuple (H, H', E{, E}), and if Y, ..., Y, and
X1, ..., X; are constructed as in the proof above, then foreach/ € {1, ..., s}, G[Y; UX; U
Zlisa Y, X, NE, X;NE,, Z NE,, Z; N Ey)-clique connector, where Z; is the set of all
vertices in (E; U E») \ X; with a neighbor in X;. But we do not need this stronger result,
and so we omit the proof.

It remains to show that every Berge trigraph in 7; is in 7;*. We begin with a technical
lemma.

5.9. Let H be a usable graph, and let G be a Berge trigraph that admits an H-structure.
Then the set L and the function h from the definition of a trigraph that admits an H-
structure can be chosen so that for all isolated vertices v € Vy, G[h(v) US, UT,] is a
nondegenerate (h(v), A,, B, C,, D,)-clique connector (where S,,T,, A,, B,,C,, D, are
as in the definition).

Proof. LetL CVgandh:Vy UEy U (Ey x V) — 2Y6\ satisfy the properties laid
out in the definition of a trigraph that admits an H-structure. Since G is Berge, by 5.1
we have that for all isolated vertices v € Vi such that G[h(v) U S, UT,] is a degenerate
(h(v), A, B,, C,, D,)-clique connector, at least one of C, and D, is empty. After possibly
relabeling, we may assume that for all isolated vertices v € Vi such that G[A(v) U S, U T,]
is a degenerate (h(v), A,, By, C,, D,)-clique connector, we have that D, = . Now, let
Vf{l be set of all isolated vertices in Vy such that G[h(v) US, UT,] is a degenerate
(h(v), A,, B,, C,, #)-clique connector, and for all v € V¢, set B, = {b,}. Set L= (L\
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Uy (B} U U, e h(9). Next, we define i : Viy U Ey U (Ey x Vi) — 2Y6\L to be the
map that satisfies all of the following:

o forallv e VY, h(v) = {b};

e forallv e Vy \VZ, h(v) = h(v);

o forall e € Ey, h(e) = h(e);

e foralle € Ey and v € Vi, h(e,v) = h(e, v).

Using 5.2, we easily get that Landh satisfy the requirements from the statement of
the theorem. |

5.10. LetH be ausable graph, and let G be a Berge trigraph that admits an H -structure.
Then H is a bipartite graph. Furthermore, there exists a bipartite trigraph H' such that
for every bipartition (E|,E’) of H', (H,H', E|, E}) is a usable 4-tuple, and there exist
some E\, E; C Vg such that (G, E, E;) admits an (H, H', E|, E})-structure.

Proof. LetL and h be chosen as in 5.9. We construct H’ as follows. The vertex set of
H'isEy UL.SetH'[L] = G[L).Forallx € Land e € Ey, we let xe be a strongly adjacent
pair in H' if x is strongly complete to /i(e) in G, and we let xe be a strongly antiadjacent
pair in H’ if x is strongly anticomplete to 4(e) in G; since for all x € L and e € Epy, x is
either strongly complete or strongly anticomplete to /(e) in G, this completely defines
the adjacency between L and Ey in H'. Finally, for all distinct e, f € E, we let ef be
a strongly adjacent pair in H' if i(e) is strongly complete to 4(f), and ef is a strongly
antiadjacent pair in H' if & (e) is strongly anticomplete to 4(f) in G; since for all distinct
e, f € Ey, we have that i(e) is either strongly complete or strongly anticomplete to 4 (f),
this completely defines adjacency in H'[Ey]. We observe that if distinct e, f € Ey; share
an endpoint, then e and f are adjacent in H'.

Note that H' contains no odd holes and no triangles, for otherwise, we would immedi-
ately get an odd hole or a triangle, respectively, in G[L U | J,. £, Er], which is impossible.
Since every realization of H’ contains the line graph of H as a (not necessarily induced)
subgraph, this implies that H is bipartite. Let (E|, E) be any bipartition of the bipartite
trigraph H'. Clearly, (H, H', E|, E}) is a usable 4-tuple.

Next, we set:

Er=LNEHU ] he)u U W (e, v);

e€EyNE| (e,v)E(EyNES) xVy
E»=(LNE)U U h(e) U U (e, v).
ecEyNE) (e.v)e(EnNE])xVy

By construction, (E;, E») is a partition of the set

LulJreu |J K.

ecEy (e,v)EEy xVy

To show that (G, Ey, E,) admits an (H, H', E|, E})-structure, it suffices to show that for
all ve Vy, either A,UD, CE;yand B,UC, C E;,orA,UD, CE, and B, UC, C Ej,
for then the result will easily follow from the appropriate definitions (together with the
choice of L and h). So fix v € Viy; if h(v) = @, then we are done, and so assume that
h(v) # (. Then by the definition of a clique connector, there exist some a € A, and b € B,
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such that a is strongly complete to B, and b is strongly complete to A,. In particular,
ab is an adjacent pair, and so a € E] and b € E; for some distinct i, j € {1, 2}. Since
a is strongly complete to B,, this implies that B, < E}; and similarly, A, C E]. By the
construction of £ and E, then, we get that A, C E; and B, C E;. It remains to show that
C, C E; and that D, C E;; by symmetry, it suffices to prove the former. By definition,
there exist some L¢, € L and E¢, € Ey such that C, = L¢, U |, Ee, h(e). Now, in H’,
each member of L¢, U E¢, has a neighbor in A, C E/, and so L¢, UEc, CE j’ It then
easily follows that C, C E;. |

We can now finally prove the main result of this section.

S.11. 7T is the class of all Berge trigraphs in T;.

Proof. It is easy to check that 7" C 7;. By 5.8, every trigraph in 7" is Berge. Now,
suppose that G is a Berge trigraph in 7;. If G is a double melt, then G € 7;* by definition.
So suppose that G admits an H-structure for some usable graph H. Then by 5.10, there
exist some E, E; C Vi and some usable 4-tuple (H, H', E|, E}) such that (G, E\, E»)
admits an (H, H', E|, E})-structure, and consequently, G € 7;* by the definition of the
class 7. ]

6. CLASS 7

In this section, we give the definition of the class 7, from [5], and we prove that each
trigraph in 7; is Berge. Prior to giving the definition of the class 7,, we note that, by
5.5 from [5], the class 7; is self-complementary; we state this result below for future
reference.

6.1. The class T, is self-complementary, that is, for all G € T, we have that G € T5.

Thus, in order to show that each trigraph in 7; is Berge, it suffices to show that each
trigraph in 73 is odd hole-free.

Informally, trigraphs in the class 7, are obtained from some basic “building blocks”
(namely, “1-thin trigraphs,” ‘“2-thin trigraphs,” and bipartite and complement-bipartite
trigraphs of a certain kind; we define each of these below) by “composing along doubly
dominating semiadjacent pairs” (this operation is also defined below). We will show
that if a trigraph G is obtained from two trigraphs that do not contain any odd holes by
composing along doubly dominating semiadjacent pairs, then G does not contain any
odd holes. We will then show that none of our basic “building blocks” contain an odd
hole. This will prove that no trigraph in 7, contains an odd hole, and therefore (by 6.1)
that each trigraph in 7; is Berge.

We begin with some definitions. We say that a homogeneous pair (A, B) in a trigraph
G is doubly dominating provided that there exist nonempty sets C, D C Vi such that
(A,B,C, D, @, ) is the partition of G associated with (A, B). We say that a semiadjacent
pair ab in G is doubly dominating provided that ({a}, {b}) is a doubly dominating homo-
geneous pair in G. Next, let G| and G, be trigraphs with disjoint vertex sets, and for each
i € {1, 2}, let a;b; be a doubly dominating semiadjacent pair in G;. Foreachi € {1, 2}, let
({a;}, {bi}, Ai, B;, B, 0) be the partition of G associated with ({a;}, {b;}). We then say that
a trigraph G is obtained from G, and G, by composing along (a,, by, a», b,) provided
all of the following hold:
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*Vo=A UB; UA, UBy;

e foreachi € {1, 2}, G[A; UB;] = G;[A; UB;];

® A, is strongly complete to A, and strongly anticomplete to By;
® B, is strongly complete to B, and strongly anticomplete to A;.

6.2. Let G| and G, be odd hole-free trigraphs with disjoint vertex sets, and for each
i € {1, 2}, let a;b; be a doubly dominating semiadjacent pair in G;. Let G be the trigraph
obtained by composing G| and G, along (ay, by, az, by). Then G is odd hole-free.

Proof. Suppose otherwise. Let W be the vertex set of an odd hole in G, and let G
be a realization of G such that W is the vertex set of an odd hole in G. First, note that
G \ A is obtained by substituting G[B] for the vertex b, in G, \ {a,}. Since neither G|
nor G, contains an odd hole, by 2.2, this means that G \ A; contains no odd hole. Thus,
W intersects A;. In an analogous manner, we get that W intersects By, A, and B, as well.
Next, since A; is complete to A in é, and since G[W] is a chordless cycle of length
at least five and therefore contains no vertices of degree greater than two and no (not
necessarily induced) cycles of length 4, we know that |W N (A; U Ay)| < 3; similarly,
[W N (B; UBy)| < 3. Since [W] is odd, and since W intersects each of A, By, A,, and
B», this means that we may assume by symmetry that [W NA;| =2 and W NB,| =
W NAy) =W NBy =1.Set WNA, ={a,a,}, WNB, = (b}, WNA; = {d}, and
W NB, = {lAaz}. Since @, is complete to {a;, d}} in G, we know that a, is nonadjacent to
132 in G. But then the only neighbor of 132 in G[W] is @, which is impossible since G[W]
is a cycle. |

We note that in [9], Cornuéjols and Cunningham proved a result similar to 6.2. They
showed that a graph operation whose special case is very similar to our operation of
composing along doubly dominating semiadjacent pairs preserves perfection.

Triangle-patterns and triad-patterns. Given a graph H, we say that a trigraph G is
an H-pattern provided that V; can be partitioned into sets {a, | v € Vy} and {b, | v € Vy}
such that all of the following hold:

® a,b, is a semiadjacent pair for all v € Vy;

e if u, v € Vi are adjacent, then a,a, and b, b, are strongly adjacent pairs, and a,b,
and a,b, are strongly antiadjacent pairs;

¢ if u, v € Vy are nondjacent, then a,a, and b, b, are strongly antiadjacent pairs, and
a,b, and a,b, are strongly adjacent pairs.

We observe that a,b, is a doubly dominating semiadjacent pair in G for all v € Vj;. Let
K, denote the complete graph on n vertices. We say that a trigraph G is a triangle-pattern
provided that G is a Kz-pattern, we say that G is a triad-pattern provided that G is a
K;-pattern.

We note that triangle-patterns are complement-bipartite and triad-patterns are bipartite;
thus, triangle-patterns and triad-patterns are Berge.

1-thin trigraphs. LetG beatrigraph, andleta, b € V; bedistinct. LetA = {ay, ..., a,}
and B = {by, ..., b,} be disjoint, nonempty subsets of V \ {a, b} such thatV; \ {a, b} =
A U B. Assume that all of the following hold:

(1) ab is a semiadjacent pair;
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(2) ais strongly complete to A and strongly anticomplete to B;
(3) bis strongly complete to B and strongly anticomplete to A;

(4) foralli, j € {1, ..., n}suchthati < j,if g;a;is an adjacent pair, then a; is strongly
complete to {a;;1, ..., a;—1}, and a; is strongly complete to {ai, ..., ai_1};

(5) foralli, j € {1, ..., m}suchthati < j,if b;b;is an adjacent pair, then b; is strongly
complete to {b;;1, ..., b;_1}, and b, is strongly complete to {b1, ..., bi_1};

(6) forall pe{l,...,n}and q € {1, ..., m}, if a,b, is an adjacent pair, then a, is
strongly complete to {b,1, ..., by}, and b, is strongly complete to {ap41, . . ., a,}.

We then say that G is 1-thin with base (a, b), or simply that G is 1-thin.

Note that if a trigraph G is 1-thin with base (a, b), then ab is a doubly dominating
semiadjacent pair in G. Note also that a trigraph G is 1-thin with base (a, b) if and only
if G is 1-thin with base (b, a). Further, the complement of a 1-thin trigraph with base
(a, b) is again 1-thin with base (b, a) (or equivalently, with base (a, b)). Indeed if G is

1-thin, then settinga = b, b =a, a; = An—it1 forallie {l,..., n},imd b; = by for
alli e {1, ..., m}, we immediately get that G is 1-thin with base (@, b), that is, with base
(b, a).

6.3. Let G be a 1-thin trigraph. Then G is odd hole-free.

Proof. Leta,b,A={a,...,a,},and B={by, ..., b,} be as in the definition of a
1-thin trigraph. We begin by showing that (A, B) is a good homogeneous pair in G. This
means that we need to prove the following:

¢ neither G[A] nor G[B] contains a three-edge path;
e there does not exist a path vi — v, —v3 — vy in G such that vi, v4 € A and v,,

V3 € B;
e there does not exist a path vi — v, —v3 — v4 in G such that v;, v4 € B and v,,

V3 € A.
We begin by proving the second claim. Suppose that i,/ € {1,...,m} and j, k €
{1, ..., n} are such that a; — b; — b; — a; is a three-edge path in G. Since a;b; is an

adjacent pair, while a;b; is an antiadjacent pair, we know that £ < j. But then since a;b;
is an adjacent pair, a;b; must be a strongly adjacent pair, which is a contradiction. An
analogous argument establishes that the third claim holds as well.

Before tackling the first claim, we establish an auxiliary result. Let i, j, k € {1, ..., n}
be such that a; — a; — a; is a path in G[A]; we claim that j < min{i, k}. Suppose other-
wise. By symmetry, we may assume that i < j. Then if k < i < j, the fact that a;q; is
an adjacent pair implies that a;a; is a strongly adjacent pair; if i < k < j, then the fact
that a;a; is an adjacent pair implies that g;a, is a strongly adjacent pair; and if i < j < £,
then the fact that a;a; is an adjacent pair implies that a;a is a strongly adjacent pair. But
since a; — a; — ay is a path, a;q; is an antiadjacent pair, which is a contradiction.

Now, suppose that i, j, k,! € {1, ..., n} are such that a; — a; — a; — a; is a path in
G. Then since a; — a; — ay is a path in G[A], we have by the above that j < min{i, k};
similarly, since a; — a; — a; is a path in G[A], we have that £ < min{j, /}. But it then
follows that j < k and that k < j, which is impossible. Thus, G[A] contains no three-edge
paths. We get in an analogous fashion that G[B] contains no three-edge paths, and so
(A, B) is a good homogeneous pair.

Now, suppose that G contains an odd hole, and let W be the vertex set of an odd hole
in G. By 2.3, we get that W NA| < 1 and W N B| < 1. But since V5 = {a, b} UA U B,
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this means that |W| < 4, which is impossible since an odd hole must have at least five
vertices. |

2-thin trigraphs. LetGbeatrigraph.LetVg = AUBUK UM U {xax, Xam, X8k > XBM }»
where Xxax, Xam, Xk, Xpy are pairwise distinct vertices, and A, B, K, M, and

{xak, Xam, Xk, Xy} are pairwise disjoint. Let ¢, s > 0, and let K = {k, ..., k;} and
M ={m,...,mg} (soift = 0then K = @, and if s = 0 then M = ). Let A be the dis-
joint union of sets A; ; and let B be the disjoint union of the sets B; ;, where i € {0, ..., ¢}

and j € {0, ..., s}. Assume that:

(1) A and B are (possibly empty) strongly stable sets;
(2) K and M are (possibly empty) strong cliques;
(3) A is strongly complete to B;
(4) K is strongly anticomplete to M;
(5) A is strongly complete to {xax, x4y} and strongly anticomplete to {xzx, Xgy};
(6) B is strongly complete to {xpx, xpy} and strongly anticomplete to {xsx, Xam};
(7) K is strongly complete to {xsx, xgx} and strongly anticomplete to {xau, Xgu};
(8) M is strongly complete to {x4, xgp} and strongly anticomplete to {xax, Xgx };
(9) xaxxpy and xapxpk are semiadjacent pairs;
(10) xagxxpk and xapxpy are strongly adjacent pairs;
(11) xagxxapm and xgxxpy are strongly antiadjacent pairs;
(12) foralli, i’ € {0,...,t}and j, j/ € {0, ...,s},ifi <i and j < j, then at least one
of the sets A; j and A; ; is empty, and at least one of the sets B; ; and B; ; is empty;
(13) foralli € {0,...,t}and j € {0, ..., s}, all of the following hold:

— A, j is strongly complete to {ky, ..., ki_1} U {m;_ 1o, ..., mg},
— A, j is complete to {k;, ms_ i1},

- A, jis strongly anticomplete to {k; 1, ..., &k} U {my, ..., ms_;},
- B, j is strongly complete to {k;_y2, ..., kYU {m, ...,m;_1},
— B; jis complete to {k;_;y1, m;},

— B, ; is strongly anticomplete to {ki, ..., k—;} U {mj, ..., m}.

Then we say that G is 2-thin with base (Xax, Xy, XK s Xam ), or simply that G is 2-thin.
We call (A, B, K, M) the partition of G with respect to the base (Xax, Xy, XBK » XAM )-

Suppose that G is a 2-thin trigraph with base (xax, Xgum, X8k, Xapm )- It is then easy to see
that G is 2-thin with base (xpg, Xanm, Xak, XBp); it is also easy to see that G is 2-thin with
base (Xax, Xgum, Xam, Xk )- Next, note xaxxpy and xgxxay are both doubly dominating
semiadjacent pairs, and G contains no other doubly dominating semiadjacent pairs. We
also observe that G is 1-thin with base (xax, xg)), and also with base (xgx, xa17). By 6.3
then, 2-thin trigraphs are odd hole-free.

The class 7;. Let k> 1 be an integer, and let G}, ..., G, be trigraphs, such that
for all i e {1,...,k}, G; is either a triangle-pattern or a triad-pattern or a 2-thin tri-
graph. For each i € {2,...,k}, let ¢;d; be a doubly dominating semiadjacent pair in
G;. For each j € {I,...,k — 1}, let x;y; be a doubly dominating semiadjacent pair in
G; for some g € {1, ..., j}. Assume that {c,, d>}, ..., {cx, di}, {x1, i}, -+ o (k=15 Yi—1}
are pairwise distinct (and therefore pairwise disjoint). Let G; = G|, and for each
i€fl,...,k—1}, let Giy be the trigraph obtained by composing G; and G/, | along
(Xiy Yis Civ1, diy1). Let G = Gy. We call such a trigraph G a skeleton. We observe that
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a semiadjacent pair uv in G is doubly dominating in G if and only if uv is a doubly
dominating semiadjacent pair in G for some i € {1, ..., k} and {u, v} is not among
{ea, do}s oo e, dids A, by oo f—n, v b

The class 7, consists of all skeletons, and of all trigraphs G that can be obtained

as follows. Let G|, be a skeleton, and let n > 1 be an integer. Let a,by, ..., a,b, be
doubly dominating semiadjacent pairs in G, such that {a;, b1}, ..., {a,, b,} are pairwise
distinct (and therefore pairwise disjoint). Foreachi € {1, ..., n}, let G} be a trigraph such
that:

(1) VGI' = A,‘ U B,‘ U {a;, b;},
(2) the sets A;, B;, {d;, b’} are all nonempty and pairwise disjoint;
(3) 4 is strongly complete to A; and strongly anticomplete to B;;
(4) b} is strongly complete to B; and strongly anticomplete to A;;
(5) a; is semiadjacent to b;, and either
— both A;, B; are strong cliques, and there do not exist a € A; and b € B;, such
that a is strongly anticomplete to B; \ {b}, bis strongly anticomplete to A; \ {a},
and a is semiadjacent to b, or
— both A;, B; are strongly stable sets, and there do not exist a € A; and b € B,
such that a is strongly complete to B; \ {b}, b is strongly complete to A; \ {a},
and a is semiadjacent to b, or
— G is a 1-thin trigraph with base (a}, b}), and G/ is not a 2-thin trigraph.

We observe that for all i € {1, ..., n}, a:b; is a doubly dominating semiadjacent pair in
G/, and if uv is a doubly dominating semiadjacent pair in G/, then {u, v} = {a}, b;}. Now,

let Go = G|, and for i € {1, ..., n}, let G; be obtained by composing G,_; and G along
(a;, b;,d, b).Let G = G,.

1 1

6.4. Every trigraph in T, is Berge.

Proof. By 6.1, it suffices to show that every trigraph in 7; is odd hole-free. Recall that
2-thin trigraphs are 1-thin, that triangle-patterns are complement-bipartite, and that triad-
patterns are bipartite. Thus, each trigraph in 7; is obtained by successively composing
1-thin trigraphs, bipartite trigraphs, and complement-bipartite trigraphs along doubly
dominating semiadjacent pairs. Since bipartite and complement-bipartite trigraphs are
odd hole-free, the result follows from 6.2 and 6.3 . [ |

We end this section by stating a few results from [4] that help us understand the
structure of trigraphs in the class 7;. By 6.7 from [4], all 1-thin trigraphs (and therefore,
all 2-thin trigraphs) are in 7;. By 6.6 from [4], all bipartite trigraphs with a doubly
dominating semiadjacent pair are in 7,; and since 75 is closed under complementation, it
follows that all complement-bipartite trigraphs with a doubly dominating semiadjacent
pair are in 7;. Finally, by 6.8 from [4], the class 7; is closed under composing along
doubly dominating semiadjacent pairs.

7. THE MAIN THEOREM

In this section, we restate and prove 3.4, the structure theorem for bull-free Berge
trigraphs.
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3.4. Let G be a trigraph. Then G is a bull-free Berge trigraph if and only if at least
one of the following holds:

® G is obtained from smaller bull-free Berge trigraphs by substitution;
® G or G is an elementary expansion of a trigraph in 7;*;

® G is an elementary expansion of a trigraph in 75. =

Proof. We first prove the “if” part. If G is obtained by substitution from smaller
bull-free Berge trigraphs, then G is bull-free and Berge by 2.2. Next, suppose that G or G
is an elementary expansion of a trigraph in 7;*; since G is bull-free and Berge if and only
if G is, we may assume that G is an elementary expansion of a trigraph in 7.*. Since T;*
is a subclass of 77, G is an elementary expansion of a trigraph in 77, and so G is bull-free
by 3.3; G is Berge by 4.2 and 5.11. Finally, suppose that G is an elementary expansion
of a trigraph in 7;. Then G is bull-free by 3.3 and Berge by 4.2 and 6.4. This proves the
“if” part.

To prove the “only if” part, suppose that G is a bull-free Berge trigraph. If G contains a
proper homogeneous set, then G is obtained by substitution from smaller bull-free Berge
trigraphs, and we are done. So assume that G contains no proper homogeneous sets. Then
by 3.2 and 3.3, one of the following holds:

* G or G is an elementary expansion of a trigraph in 7;;
¢ G is an elementary expansion of a trigraph in 7;.

If the latter outcome holds, then we are done. So assume that G or G is an elementary
expansion of a trigraph H € 7. Since G (and therefore G as well) is Berge, by 4.2, H is
Berge. By 5.11 then, H € 7,*. This completes the argument. |
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