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A NUMERICAL METHOD OF BICHARACTERISTICS
FOR QUASI-LINEAR PARTIAL FUNCTIONAL
DIFFERENTIAL EQUATIONS

P. ARLUKOWICZ', AND W. CZERNOUS!

Abstract — Classical solutions of mixed problems for first order partial functional
differential equations in several independent variables are approximated by solutions of
an Euler-type difference problem. The mesh for the approximate solutions is obtained
by the numerical solution of equations of bicharacteristics. The convergence of explicit
difference schemes is proved by means of consistency and stability arguments. It is
assumed that the given functions satisfy the nonlinear estimates of the Perron type.
Differential systems with deviated variables and differential integral systems can be
obtained from the general model by specializing the given operators.
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1. Introduction

For any metric spaces X and Y, we denote by C'(X,Y") the class of all continuous functions
from X into Y. We will use inequalities between vectors, understanding that the same
inequalities hold between their corresponding components.

Let a > 0, dy € Ry, Ry =[0,400), d = (dy,...,d,) € R} and b = (by,...,b,) € R" be
given where b; > 0 for 1 < j < n. We define the sets

E =10,a] x [=b,b], D =[—dy,0] x [—d,d].
Let c=(c1,...,¢,) = b+ d and
Ey = [_d070] X [_07 C], 80E = [O,CL] X ([_07 C]\(—b, b))7

Q:EOUEU&]E, E:EXC(D,R)

Suppose that z : @ — R and (¢,2) € E are fixed. We define the function z¢,) : D — R as
follows:
o) (& y) =2+ +y), (§y)eD.

The function z( 4 is the restriction of z to the set [t —dy, t] x [v —d, x4 d] and this restriction
is shifted to the set D. Elements of the space C(D,R) will be denoted by w,w and so on.
We will write || - ||p for the maximum norm in the space C(D,R). Let

f2=R" f=(fi,.-.sfn), G:Z—=R, ¢:FEUJE —R,
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ap: E—R, o:FE—-R" o= (a...,an)

be given functions. Write a(t, ) = (ao(t, z), ' (t, x)), (t, ) € E. We require that a(t,z) € F
and ay(t, x) <t for (t,z) € E. We consider a problem consisting of the functional differential
equation

Oz(t, ) + Y fi(t, 2, Za(a)0s, 2(t, 7) = G(E, 7, Za1.0) (1.1)
j=1

and the initial-boundary condition
z2(t,x) = p(t,x) on FEyUOdE. (1.2)

A function v :  — R is called a classical solution of the above problem if:

i) v e C(Q,R) and v is of class C! on E,

i1) v satisfies equation (1.1) on E and initial boundary condition (1.2) holds.
We are interested in solving problem (1.1), (1.2)numerically.

Write

AY —{tx)eE: z;=b}, AY ={(t,z) € E: z; = —b;},

where 1 < 7 < n, and

s-(arva)

We will assume that f € C(Z,R"), G € C(E,R), ¢ € C(Ey U E,R) and that f; < 0 on

AY ) % C(D,R) and f; > 0 on AY) x C(D,R) for 1 < j < n. Note that if this condition is
satlsﬁed then under natural assumptions on regularity of f, G and ¢ there exists a classical
solution of (1.1), (1.2) and it is unique.

Note that our hereditary setting contains the well-known delay structures as particular
cases.

~ Example 1.1. Suppose that f
f(t,z,w(0,0)) and G(t,z,w) = G(t,

f<t7'r7 za(t,x)) = f(tv*rv Z( (

and (1.1) becomes an equation with deviated variables.

G : E — R are given functions. If we set f(t,z,w) =
T,

w(0,0)), then
2), Gt 2, zapa) = G(t, 2, 2(a(t, 7))

Example 1.2. Assume that 3, v: E — RY™. For the above f, G we put

(v—0a)(t,x) (y—a)(t,x)
f(t,x,m:f(t,x, / w<g,y>dydg), G(t,x,w:é(t,x, / w(f,y)dydf),
a)(t

(B—a)(t,x) (B—a)(tx)
then
v(t,x) 7(t,)
f<t,x,za<t,w>>=f(t,x, / w(f,y)dydf), Gt 2, 2amy) = G( / w(S,y)dydf)
B(tx) B(t,z)

and (1.1) becomes a differential integral equation.



A numerical method of bicharacteristics 23

In recent years, a number of papers concerning numerical methods for functional partial
differential equations have been published. The difference methods and monotone iterative
methods for nonlinear parabolic problems were studied in [9,10]. The quasi-linear first
order functional differential systems and the general class of difference schemes with suitable
interpolation operators were considered in [4]. The monograph [6] contains an exposition of
the theory of difference methods for hyperbolic functional differential problems. The main
problem in these investigations is to find a difference functional equation which is stable
and satisfies the consistency conditions with respect to the original problem with sufficiently
regular functions. A comparison technique is used in the investigation of the stability of
functional difference problems.

We use in the present paper general ideas concerning numerical methods for first order
partial differential equations, which were introduced in [3,6,8]. The numerical method
of bicharacteristics for quasi-linear hyperbolic systems was treated in [7]. The unknown
function of only two independent variables was considered in that paper; this constraint can
be omitted, by the proper choice of approximation, which was first proposed in [1].

Results for quasi-linear hyperbolic functional differential problems can be found in [2, 6]
(Chapter 3).

First order partial differential equations with deviated variables and differential integral
equations find applications in different fields of knowledge. Examples of such applications
can be found in [1,6].

Our motivation to investigate the numerical methods of bicharacteristics is as follows.

Two types of assumptions are needed in the theorem on the stability of classical difference
schemes corresponding to (1.1), (1.2). The first type conditions concern regularity of f and
G. It is assumed that f and G satisfy Perron type estimates with respect to the functional
variable. The second type conditions concern the mesh. It is required that

1 &
~=2lG(P) 20 for 1<j<n, PeE (1.3)
n j

where hg and (hy, ..., h,) are steps of the mesh with respect to t and (x4, ..., z,). The above
assumption is known as the generalized Courant — Friedrichs — Lewy condition for (1.1),
(1.2).

We show that there are numerical methods for (1.1), (1.2) which are convergent and
assumption (1.3) is omitted.

2. Discretization of mixed problems
Let us denote by F(X,Y) the class of all functions defined on X and taking values in Y,

where X and Y are arbitrary sets. Let N and Z be the sets of natural numbers and integers,
respectively. Let us fix our notations on vectors. For x,y € R”, where

r=(21,...,%,), y=Y1,--,Yn),
we put

||SL’H :Z|LL’]", xoy:<x1y17---axnyn)'
j=1
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Consider the set Q. Let (ho,h'), ' = (hq,...,h,), stand for steps of the mesh. For
h = (ho, 1) and (r,m) € Z'™ where m = (my, ..., m,), we define

t0) =rhy, 2 =moh/, 2 = (2™ . g0y,

Let us denote by H the set of all h = (hg,h’) such that there are K, € N, N € N"
with the properties Kohg = dy and N o h' = b. Let K € N be defined by the relation
Khy < a < (K +1)hy. For h € H we put ||h|| = ho + hy + ... + h,,. Write

R = {(t0),2) : (r,m) € 27}, Dy = {100 <7 < K},

EO.h - EO N R}IL—HL, 80Eh - 80E N R}l{i_n
For X} being an arbitrary subset of R,lf" and for the functions z, : X, = Randn: [, — R
we write 2™ = z(t0), (™) and 7™ = (™). We put
Q" = QN ([—do, t"] x R")
and
2]l e = max { |z(t, 2)| : (t,z) € Q(’")} for ze F(Q,R) and 0<r <K.
Set
Sy = (Eo,h U ath) NnE.

Now we define a few sets of indexes:
Y={o' =(01,...,00), 01 €{0,1} for 1<k < n}, (2.1)

> ={(00,0") : 09 € {~1,0}, o' €%},

and
2 = {(gg,0') € X1 (#6500 Moy e g (#) 2y e 5, (2.2)

Denote
©={0ecF(HR,): }llir%ﬁ(h) =0}.

The numerical method of bicharacteristics consists in replacing problem (1.1), (1.2) by the
system of difference equations for unknown functions

77:(7717---777n> and Z.

Now we present these difference equations.

The functional differential problems considered in the present paper have the following
property. Equation (1.1) contains the functional variable 2, which is an element of
the space C(D,R). Numerical solutions of (1.1), (1.2) are functions defined on finite sets.
Therefore we need an approximation operator T, h in the system of difference equations.

Suppose that (&), 20™) € S, 0 < s < K — 1, and ¢, : Egp UL, — R is a given
function. We define

n® = gm  Llem — @Ef’m) (2.3)

and o
n(r_i_l) _ TI(T) + hof(t(T)’ ,r](T)’ (Thz)a(t(”,n(r)))’ (24>
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2t ) = 20 ") + hoG 0", (Ti2)ago o) (2:5)

for s <r < K — 1. Let us denote by (gp(-, ¢, z(™), zh) a solution of problem (2.3)—(2.5),
where g, = (gn.1,- -+, Gnhn). We write

~

Ep = {(t", g0 (10,19, 2)) € B (19,2) € S, s <r < K},
U = EyUEy, UBE,, QU =00 ([—do, tD] xR"), 0<r<K.

Remark 2.1. Note that in the numerical method of characteristics (see [1]) we are able
to construct the whole mesh before we start to compute the approximate solution. The
situation is different in the method of bicharacteristics (2.3)—(2.5), because the location of
nodes (t"+Y z) € ﬁh depends on the values of the approximate solution z; on the set KAZ
Moreover, the approximation operator Th, which we define further, depends on the mesh Qh
Hence the approximate solution 25, the mesh Qh, and the approximation operator T, » should
be controlled simultaneously in the course of our computations.

2.1. Notation of error. Suppose that v : Q — R is of class C'. We will denote by

g[U](-,t,I) = (gl[v]('vtvx)v s 79”[”]('7t7x))

the set of bicharacteristics of equation (1.1) corresponding to v. Then the function g[v|(-, ¢, 2)
is the solution of the Cauchy problem

w'(€) = f(§w(€), vawien),  w(t) ==, (2.6)

where f = (f1,..., fn). The numerical procedure (2.3)—(2.5) generates two sets of functions:
{9n}nen and {zp}ren. The function g, is used to constructe the set (Alh whereas z;, is
considered as an approximate solution to problem (1.1), (1.2) and z, € F(€Q,R). The idea
of the proof of convergence, together with the content of Remark 2.1, leads to the following
notation of the error of the method (2.3)—(2.5):

v — 201 = max{[o(t®, glv] (D, ¢, 2)) — 24, (D, g (1D 1, 2))| = (t,2) € Sh, t <@ <M},
v — 2]} = max{|v(t®, 2™ — 2, (tD 2| : (¢D ™) € Ey), UdEy, i < 1},
(o — 2]\ = max{[jo — zu[]{%, [[v— 2]\ )},
and

lglv] = gulliy) = max{||g[v)(t9, t,z) — gn (8D, £, )| : (t,2) € Sy, t <O <MY,

1 : : ’
00 = 5 max { [lgn (10, 40, 20) = gy (19, #0702t |

(t(s),z(m)) € Sy, (09,0") € Z(s’m), s<i1 < r},

where ©(*™ is defined by (2.2) and 0 < r < K. Then the error of the method (2.3)-(2.5) is
defined by

e = max{[|v — zalln, [l9[0] = gnllns 25@} . (2.7)
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We prove that for v satisfying (1.1), (1.2), for sufficiently regular f and G and for the
approximation operator T}, satisfying certain additional conditions, we have

}llir% Eg) =0 uniformly with respect tor, 0<r < K.

2.2. Assumptions on the approximation operator.
Assumption H[fh] The operator fh : F(Qh, R) — F(€Q, R) satisfies the conditions:
1) if w € F(Qy, R) then Thw € C(Q,R);
2) if ™) € I}, and w, w € F(Q,, R) are such functions that
w|§§j-) = 111|§](1r)
then R R
Thw|ae = Thw|gm

(Volterra condition);
3) for each v € C*(Q,R) and for (gy, z;,) satisfying (2.3)—(2.5) there is 3 € © and (4,
Cy € Ry such that for 0 <r < K

v — Trznllam < [lv =zl + Cillgl] — gally” + C2 6057 + B(h). (2.8)

Examples of fh, satisfying Assumption H [fh], are given in Section 4.

3. Convergence of the numerical method

The main assumptions on f, G and « are the following:

Assumption H[f, G, ]. The functions f : = — R™ and G : = — R are continuous
and there is 0 : [0,a] x Ry — R, such that

1) o is continuous and nondecreasing with respect to both variables,

2) 0(t,0) = 0 for t € [0,a] and for each p > 1 the maximal solution of the Cauchy
problem

¢'(t) =o(t,p¢(t), ¢(0)=0 (3.1)
is ((t) =0 for t € [0, al;
3) the estimates
||f(t,.]],UJ) - f(t,:f‘,U_))H < O'(t, ||.§L’ - j“ + ||UJ - U_JHD)7
Gtz w) = G(t, 7, 0)| < olt, |z — | + Jw -] p)
are satisfied on =,
4) there is § = (01,...,0,), 9; > 0, 1 < j < n, such that for each (¢, w) € [0,a] x C(D,R)
and for each j, 1 < 7 < n, we have
fj(t,x,w) <0 for ze€e [—b, b], Z; = bj — (Sj
and
filt,xz,w) >0 for xe[=bb], x; <—=bj+J;;
5) the functions oy € C(E,R), o/ € C(E,R"™) are such that 0 < ay(t,z) < t, o/(t,z) €
[—b,b] for (t,z) € E and there is p € R, such that

|oo(t, 2) — ao(t, )| + ||/ (t, z) — o'(t, 2)|| < pllz — Z[| on E.
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Theorem 3.1. Suppose that Assumptions H[fh], H[f,G, ] are satisfied and

1) the function ¢ : EgUOyE — R is of class C*, the function v : Q — R is the solution
of (1.1), (1.2) and v is of class C* on §;

2) h € H and hq is so small that the inequality

h0|fj(tax>w)| < 5j fO’f’ (t,x,w) € E> 1 g] < n,

holds true with 6 = (41, ...,0,) from Assumption H[f, G, ¢|;
3) (gn, zn) is the solution of (2.3)—~(2.5) and there is 1y € © such that

¢ = @il ™ I < to(h) - on Eon U B

Then there is g > 0 and ¥ € © such that for |h|| < ¢ and 0 < r < K we have

max { o — 2017, lgle] = anll, 26047} < w(n), (3:2)

where glv] = (g1[v], ..., gnlv]) is the set of bicharacteristics of equation (1.1).

Proof. The above condition 2) is sufficient for the numerical bicharacteristics to remain
in the set F, i.e. for any (t,7) € S, and 0 < r < K we have g, (t" ¢, 2) € [~b,b]. This,
together with Assumption H [fh], gives the existence and uniqueness of solutions for the
problem (2.3)—(2.5).

Write e,.0 = [[v—21|ln, €n1 = [|9[v] — gn|]n and g0 = 2 5§h. We will construct a difference
inequality for the function e, = max{ej.0,en.1,€n2}. Suppose that (t,z) € Sp,. Once (t,x), v
are fixed, let us denote g = g[v](-,¢,x) and g, = gn(-,t,x). Then we have

t(r+1)
o () = ot () [ Gl 9(9). vt (3.3)
()
and
$(r+1)
gt ) = / F(5,9(8), Vas,g(s)))ds. (3.4)
t(r)
It follows from (2.3)—(2.5), that
Zh(t(r+1)> g}(f—i—l)) = Zh(t( )7 gh ) + hOG( >gf(L )7 (ThZh) (t(T),g,(:)))’ (35)
and
(r+1) (r)
9y = gh + hof( >gh ) (Thzh) (t(r)’g,(:)))' (3'6)

First we write a difference inequality for €5, 9. Subtracting (3.3) and (3.5) we find that

w(t" Y, g (1Y) = 2t g (1)) = 0 (1, g(¢7)) = 2 (1", gn (1) +

ho [G(tm, g(t™), Va(t(),g(t"))) — G, g (£, (Thzh)a(t(ﬂgh(t(r))))} + F(T) (3.7)

where
t(r+1)

r — / [G (5, 9(5), Vags.gts)) — G, g(tD), Va4t gaimy))] ds.

t(r)
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It follows from the regularity of v, a, f, o and from the condition o(t,0) = 0 that there is
Yo € © such that

‘Fg)’ < hoyo(h) for 0<r< K —1. (3.8)
Then from (3.7) and from Assumption H|[f, G, ¢] we conclude that

o, g(#7Y)) — 2 (10, ga(tHY)] <

[l = zal]i % + hoo (BT, €0 4 oo gwey) — Thzn)a@e gwoylln) + Bovo(h). (3.9)

We have ~
[aguo gty = Trznaeo gy llo < A () + B (h)

where
ATV (R) = 1[Ug0 1)) = Vo) guarpllp,  B7(R) = 1(v = Thzn) o gy -
Let ¢ € R be such a constant that |0yv(t, z)|, ||0.v(t, z)|| < é for (t,z) € Q. Then
r (r)
A () < CPERL-

Since R
BT (h) < |lv = Thznllom,

it follows from Assumption H [fh] that there are g and C7, Cy € R, such that
BO(h) < el) + Crey) + Coelly + B(h) for 0<r <K — 1.
We conclude from (3.9) and from the monotonicity of o that for 0 <r < K — 1
(T g(tUD)) = 2, (10D gy ((TY))] < 5ho + hoo (t(T Cc":‘h Lt B(h )) + hovo(h),
and, consequently,
et < e 4 hyo (t(T e\ + B(h )) + hoyo(h) (3.10)

where ¢ = 2+ ¢p + C + C5. In the same way we prove that there is v, € © such that for
0<r<K-1

itV <+ hoo (80,2 + B(h)) + hon (k). (3.11)
Let us now write a difference inequality for €. From (2.4) it follows that

Gu(tTHD ) gy g (D) ylstoo) pmtol)y g () 4(9) pm))

gh (t(T)7 t(3+0'0)7 x(m+o—/)) + h0f<t(7‘)’ gh(t(T)7 t(8)7 x(m))7 (fhzh>a(t(r),gh(t('f)7t(3)7.’n(m))))_

hof (1), g (t7) | sFe0) glmtal)y (ThZh)a(t(r)’gh(t('r)7t(s+00)’x(m+0'/))))' (3.12)
Then from (3.6) and from Assumption H|[f, G, ¢] we conclude that

th(t(rﬂ)’t(s) x(m)) _ gh(t(r+1)’t(s+cro)7x(m+cr’))|| <

)

efy 4 hoo (1, €5 4 1T ager) g 600 49 atmry) — (Th2h)a(zr) gy (1) #o+00) gim+anyll D). (3.13)
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A procedure, similar to that used to obtain (3.10), leads to
eV < el hoo(tD, el + B(h)), 0<r<K -1, (3.14)
where
c=3 + 201 + 202 + Ep. (315)
Now, from (3.10), (3.11), (3.14), follows the difference inequality

et < el + hoo(t7, ey + B(h)) + hoy(h), 0<r <K -1, (3.16)

where p = max{¢, ¢} = ¢ and
v = max{yo, 11} (3.17)

Moreover, the initial estimate 5h < ¢o(h) is satisfied, where

Wo(h) = max{yo(h), ||W]|}. (3.18)

Consider the Cauchy problem
¢'(s) = a(s, p¢(s) + B(h)) +(h),  ¢(0) = tho(h). (3.19)

It follows from Assumption H|f, G, ¢| that there is g > 0 such that for ||h|| < g¢ there exists
the maximal solution wy, of (3.19) and wy, is defined on [0, a]. Moreover, we have

}llir% wi(s) =0 uniformly on [0, al.

The function wy, satisfy the recurrent inequality
™ 2 0 4 hoo (87, pwi” + B(R)) + hoy(h), 0<r <K — 1. (3.20)
It follows from (3.16), (3.20) that
6&5) < w}(f) for 0<r<K

and, consequently,
max {[lglo] = gull”, lo = =)l 2000} <wnla), 0<r <K,

Then assertion (3.2) is satisfied with ¥(h) = wp(a) and this complete the proof of the
theorem. O

Remark 3.1. If all assumptions of Theorem 3.1 are satisfied with o(¢,s) = Ls, for
(t,s) € [0,a] x Ry, where L € R, then we have the estimates

; LB(h) +~(h)

") < o (h) exp|Léa) + 7 (exp[Léa] — 1) for L >0

and B
sﬁj“) < Yo(h) +7v(h)a for L =0,
for 0 < r < K, where ¢, 7, ¥o(h) are given by (3.15), (3.17), (3.18), respectively.
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4. Approximation operators

We give examples of the operator T, satisfying Assumption H [f »]. Our investigations start
with a method of, roughly speaking, uniformization of the mesh. By the uniformity we
mean that the j-th coordinate of a node is a multiplicity of h;, 0 < j < n; the mesh Qh
is uniform only with respect to the O-th (i.e., time) coordinate. Deﬁmng E,=Qn RH"
and Q) = Ep, U E, U 80£A?h, we get a uniform mesh on 2. We wish to approximate the
values of the function zj, : 2, — R at uniform nodes of €2, to be able to use the well-known
interpolation operator 7, : F(Q2,, R) — C(,R) (see [6, Chapter 5]).
Let h € H and let @ be a finite subset of I;, x [—¢, ¢|, with the property

QN{t"Y x [—¢e,d) #2 for 0<r < K. (4.1)
Later on we take () = (Alh. We will define the “uniformization” operator
F(Q,R) — F(,R).

For this purpose, some auxiliary notation will be needed. Let us define the families of
intervals:

F={{t} x [ab) : (t.0),(1,0) € R}

and _
grm ={FeF . (tW ") eF, FnQ+#o},

and a number

d™m = min{ [b—a|| : {t} x [a,b) € FEM}.

QU —on( U ).

Feglnm

min

Then we put

where

T’ = { {t} x[a,b) € 5™+ b —afl = d}.
Due to (4.1), thus defined Q™™ is nonempty.

Definition 4.1. Take (t7), 20™) € Q and z € F(Q,R). We put
(Uz) (™), 2™ Zwy » (4.2)

for some {Py,..., P.} = P™ C QU™ Two cases are distinguished here.
I Suppose that (7 2(™) € Q. We put then PC™ = {(t") 2™} and w, = 1.
II. Otherwise, if (), 2(™) ¢ Q, we choose any nonempty subset PT™™) of Q™) and any
nonnegative w, such that
> w, =1 (4.3)
v=1

Example 4.1. A simple approximation may be done in the following Way In case II of
the above Definition, we take an arbitrarily chosen one-element subset P"™) = {(t") p)} of
Q"™ and we put wy = 1.
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Example 4.2. A more complicated approximation may be constructed using Shepard’s
interpolation. In case II of the above Definition, we take P = Q™) and we put

K —1
wy = oy — x<m>||-1(2 Ipi a:<m>||-1) Ci<ven
=1

where P, = (™), p,), 1 < v < k.

We will prove that Definition 4.1 is suitable for our purposes, i.e. assures the fulfillment
of Assumption H|[T}].

Note that for (£, p) € Q"™ we have ||p — 2™ || < d"™). If we take Q = Oy, then

Ip = 2™ < d™m < 6057 + [0 (4.4)

4.1. Interpolation operator 7} and approximation operator fh. Now we describe
the interpolation operator T, : F(€,, R) — F(Q,R) presented in [6].

Suppose that z : ), — R. For (¢, z) € € three cases will be distinguished.

I. Then there is (r,m) € Z'*" such that (¢, (™), (t0+) zMm+D) € Q, and t7) < ¢ <
tr+HD ) <o < 2 where m + 1= (my +1,...,m, +1). We define

t — ™ o [T — 2™ o z— MmN\
(Th2)(t, z) = (1— e ) >t )<T) (“T)

o'ex

t—tm n ([ — N\ z—zm\'7
(r+1lm+o’) (& & R
+<h)Z (h)( h)

!

where
r—aM\7 & :Ej—:):E N 9
h n H h ’
=1 !
and
T pm)\ 1= B " - xj — :L’Em’) 1=
h' N H h
j=1 !

and we take 0° = 1 in the above formulas, ) ) )
IL. Suppose that |z;| > N;h; for some j, 1 < j < n, where N = (Ny,...,N,) € N" is
defined by the relation N o h' < ¢ < (N +1)oh'. Then we put Ty2(t,z) = Thz(t, &), where

5, ] < N
[Z’j = —_Njhj, T < —_Njh]’ 1<7<n.
Njhj, T > Njhj,

ITI. The last case is Khg <t < a. Then we set Tpz(t,x) = Tpz(K ho, x).
Note that T}, is a linear operator from F(€,,R) to C(2,R). For fixed r, 0 <r < K, we
define Qg’) =0, NQM and for z, : Qg’) — R we put

el = mavs { 1+ (19, ) € 0P}
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It is easy to see that the estimate
1 Thzallae = llznllge (4.5)

holds for —KAO <r< K.
Let @ = €2, in Definition 4.1. Then we define

fhw = Th Uw (46)

for w € F(Qy, R).
4.2. Properties of the operator U and approximation operators. To prove that
the the above-defined operator T}, satisfies Assumption H[T}], we introduce an auxiliary

mesh Q,. Suppose that v € C1(Q,R) and consider the set of bicharacteristics g[v](-,¢, z),
(t,x) € Sp. Then we write

By, ={(t", g](t",t,2)) € E: (t,x) € Sp, 0<r< K}

and
O =E,UEy,UdE, Q"=0,n0", 0<r<K

Moreover, with ) = )y, taken in Definition 4.1, we put
Thw = Th Uw (47)

for w € F(ﬁh,R). We define 6§, analogously to 6, by putting ¢ instead of g, in the
definition of the latter. Similarly to (4.4), we have

lp — 2™ < d"™ < 5O + ||| (4.8)

for (t™, p) € Q™.
We will use the restriction operators Ry, : F(Q,R) — F(, R), Ry : F(,R) — F(Q5,R)
and Ry, : F(Q,R) — F(Q,R), defined by

Ryv = vlg,, ﬁhv = U|§h and Ruv = U|§h

for v € F(Q, R).
Lemma 4.1. Suppose that 0 <r < K, h € H, and
1) v e CHR), ¢ € Ry are such that |0y (t, x)|, ||0.v(t, )| < ¢ on Q;
2) (gn, zn) is a solution of the difference system (2.3)—(2.5),
3) glv](-,t, x) is the set of bicharacteristics for (1.1).
Then: B B
(0) | WRo = Rywllgr <& (837 + 1))
(@0) [|ThBnv — vl < €Al
(idd) | ThBav — vl|oe) < (mg) + 2||h||> ,

(@) | ThRuv — Thzallow < [Jo — 2]y + ¢ llglv] — gully” + Q5 + &y(h),
where N
y(h) = 65" + 2n]. (4.9)
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Proof. (i) Let us take Q = Q, in Definition 4.1. We should estimate the difference
(URpv — Ryv) (D, ™)

for (t®, ™) € Q). In case I from that Definition, i.e., when (¢, z(™) € Q,, the above
difference vanishes. In case II, the assertion follows from relations (4.3), (4.4) and from the
mean value theorem.

(2¢) We omit the proof of this part, which is similar to the proof of Lemma 5.27 in [6].

(22¢) The estimate follows from the triangle inequality, involving (), with relation (4.5)
applied to its left-hand side, and (ii).

(iv) Since from (4.6), (4.7) we have T, Ryv — Thzn = Th(URyw — Uzy), relation (4.5)
implies L R B

||Tth’U - ThzhHQ(r) = || Uth - u,zhHQ;Lr).

Let (t®,20m) € QI be such that
| URy 0 — Uzl = |(URK — Uz )(ED, 20|
h

Two possibilities can occur, either (a) (t®,20™) € Ejo U yEp, or (b) (t9,2™M) ¢
Eh.O U 80Eh. _

Consider the case (a). Then (t®, 2(™) ¢ Q;, N, and (@, 20M) € Q, N Qy, and twice
the case I from Definition 4.1 holds, namely

URL (D, ™)) = Ryu(t®, 20M)

and ' '
uzh(tu)’ x(m)) — zh(t(z), x(m)).

Moreover, Ryo(t®, z(m) = v(t® () and hence
(URyw = Uzp) (10, 2| = ot 20) = (19, 2t < [l = 20l < o = 2nl]}

Then (iv) is proved in the case (a). Consider now the case (b). From Definition 4.1 it follows
that

Uz (t Z wyzp (P, (4.10)

for some P, € ﬁh, w, > 0. We have (™ € [~b,b], hence P, € {t®¥} x [~b,b], and
P, = (t9 g,(tY o)) forsome a, €S, 1<v<E.
Then we define the set {P,}5_, C Q, by
P, = (t9 g](tY, o)), 1<v <k

Then
[0(P,) — v(B,)| < & lglv](t?, a,) — ga(tD, )| < &[|glv] — gnl]. (4.11)
Moreover, we have

0(B) — z1(P,)] = [0, g[] (1), ) — 2 (tD, ga (0D, )| < [l — 23] < [lv — 2]}
(4.12)
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We put
A= Z w,v(P,) and A= Zw,,v(}_’,,).
v=1 v=1

Due to the continuity of v(¢%),-) and relation (4.3), the iterative use of the intermediate
value theorem gives us the existence of a point y € conv{g,(t®, a,)}*_, C R™ such that

v(t® y) = A.
Similarly, there exists a point § € R™ such that
ot §) = URLo(tD, z(™).
From the relation y € conv{gy,(*", oy, ) }5_, and from (4.4)

ly =2 < max [lga(t?, a) = 2™ < 9O + K]

SUES

Let QU™ be a set from Definition 4.1 with Q@ = Q. Since (t®,7) € conv Q™ we have
from (4.8)

|17 — 2| < max { [|p— 2™ : (t9,p) € QE™} < Q) + K|

Then
17—yl < 15— =™ ] + |z — y|| < 60 +4(h)

and, consequently,
[w(tD, §) = o(tD, y)| < &Y + &y(h). (4.13)

Now, from (4.11)—(4.13), we have

| URpv (D, 20™) = Uz, (6D, 20| < | URpw (D, 20) = A| + |A— A| + | A— Uz, (89, 20| <

lw(t®,§) — vty +Zwy|v DB, +Zwy|v P) — 2%, P)| <

0 + () +Zwu( —anll) + (o~ z0l))) =

o0 + &y(h) + ellglo] = gnlli” + [lv = 2al]}”
Then (iv) is proved also in the case (b). This completes the proof of Lemma 4.1. O

Remark 4.1. Note that from the classical theorems on the continuous dependence of
solutions of Cauchy problems on the initial data

}llin})(ifzﬁf) —0 for 0<r<K

follows. Then from Lemma 4.1, (i77) and (iv) it follows that condition 3) from Assumption
H [T 1] is fulfilled by the approximation operator T;, defined by (4.6).
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5. Error estimate

Lemma 5.1. Suppose that all assumptions of Theorem 3.1 are satisfied with o(t,s) = Ls,
for (t,s) € [0,a] x Ry, where L € R, and
1) ¢ € Ry is such that |0 (t, x)|, ||O.v(t, z)|| < ¢ on §;
2) A € Ry is such that
||f(tax>'ua(t,x))|| <A on Q;

3) the estimates

hold on Z;

4) the above-defined (see Definition 4.1 and (4.6)) approzimation operator Ty, is used in
the numerical method (2.3)—(2.5).

Then (3.2) holds with

LB(h) +~(h)

P(h) = max{yg(h), |||} exp[Léa] + 77 (exp[Léa] — 1) for L >0

and
¥(h) = max{tho(h), ||} +v(h)a for L =0,
where B(h) = ¢(L* + 4)||h|, ¢ = 3+ 5¢+ ép, v(h) = hoL(1 + A)(1 + ép)/2, and L* =
max{1, A} exp[L(1 + ¢ép)al.
Proof. 1f we take the prescribed approximation operators, Lemma 4.1 assures the fulfill-
ment of Assumption H[T},] with C7 = Cy = ¢, hence ¢.
Condition 2) implies

lg[v](s, t, ) — g[v] (£, ¢, 2)|| < Als — )],
which, together with the global Lipschitz condition for f and G with constant L, gives
||G<S’ g[v] (S’ t’ $>’ Ua(svg[v](svt@)ﬂ o G<t(r)7 g[U] (t(r)v tv I)v Ua(t(r),g[v}(t(r),t,x))) || <
L|s — M) (1 4+ A)(1 + ép)

and a similar estimate for f. Recalling the definition of vy and v, from the proof of Theorem
3.1 and integrating the above inequality over [t t7+1] we get

B0(h) = 71(k) = ShoL (1 + A)(1 + ),

which is also the formula for v(h).
Again, Lemma 4.1, together with the definition of 5 and 7, gives

B(h) = 2 (5@55“ + 2||h||) .

Moreover, from the classical theorem on the continuous dependence on the initial data and
from the definition of 6€2, it follows that 592“) < L*||h||/2 for all r, 0 < r < K. This implies

B(h) = 2¢(L7/2 + 2)[|A]l.

Putting the above inequalities together and using the formulas from Remark 3.1, we get the
claimed error estimate. U
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6. Numerical examples

Example 6.1. Let n =2, a < 1 and E = [0,a] x [-1,1]%, Ey = {0} x [-1,1]%, F =
0,a] x ([=1,1]%\ (=1,1)?). Con&der the mixed problem
2 (t, @) + [—221 — q(@2)] 20, (t, @) + [—222 + q(2(t, tar, t22))]|20, (8, ) =
exp(t(z] — 23))[(x] — 23)(1 — 4t) + 2t(zoq(2(t, twy, tas)) — 21q(22))], (6.1)
1 on Fj,
2(t,x,y) = 3 etl-23) on OoE N{|z1| =1}, (6.2)
et 0= on GyE N {|zy| = 1}.
where
(—p, r < —p,
1 x —l’ln(|l’|), |£L’| <P, ZL’%O,
d)=29(3) o0=1, o (63
p; T 2 p,
\

with p = exp(—1). Note that g, and hence ¢, is continuous and non-Lipschitz; nevertheless,
the conditions of the convergence theorem are fulfilled, since for o(t,p) = ai1p + asp|Inp|,
ai, az > 0, and for p > 1 the only solution of the Cauchy problem (3.1) with is {(t) =

€ [0,a]. The solution of the problem is given by Z(t,z) = €'@i=%3). For problem (6.1),
(6.2) we use the numerical method of bicharacteristics (2.3)—(2.5), involving approximation
operator T h = Thu with U from Example 4.1.
method. For fixed ¢, 0 < r < K, we put

Denote by (gp, zn) the solution of this

V) e = max{|(z, — o)t y)| : (tD,y) € O},

<C:h. max

Dhewn = (#H (0 eD)) 2

(t('r) 7y)eﬁh

(21 — o) (", y)].

Consider now the Lax scheme for (6.1), (6.2). We denote the solution of this classical method

by %,. Then we define the errors &\ &\")

b mass Eh.mean 111 @ similar way as above, with zj, instead of

z, and with €;, instead of (AZh.
We put hg = 107, hy = hy = 2-1072, @ = 0.25 and obtain the following experimental
values of the above-defined errors.

() _(r) (r) (r) (r)

€h. max €h. max h.mean h.mean
0.0625 | 2.548768-10-*% | 3.157028-10~° | 1.287677-10~* | 8.305750-106
0.1250 | 1.514947-10=3 | 5.104396-10~° | 8.485705-10~* | 1.453428.107°
0.1875 | 4.166585-1073 | 6.373904-10~° 2.473140- 1073 1.918148 - 107°
0.2500 | 8.442145-10"3 | 7.185911-10"° | 5.190896-10~3 | 2.258027 105

The approximate computing time for the classical method on a PC, with the AMD
Duron™, 1.4 GHz CPU, cache of size 64 kB and 256 MB RAM, is 31 s compared to 1750 s
for the numerical method of bicharacteristics.
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For the same domain and another set of steps of the mesh, hg = 5-1073, hy = hy = 2-1073,
the errors of the classical Lax scheme become greater than 10° for r > 19. The errors of our

method are given below.

t(r)

(r)

€h. max

(r)

€h.mean

0.0625
0.1250
0.1875
0.2500

1.544952- 1073
2.509618 - 10~3
3.146780- 1073
3.563794 - 1073

4.181424-10~4
7.121527- 1074
9.196634 - 10~*
1.065446 - 103

The approximate computing time for the numerical method of bicharacteristics, on the
same machine, is 85 s.
Example 6.2. Weset n =1, 7 =1, and
E =10,a] x [-1,1],

Eo= {0} x [~1.5,1.5], 0yE = ([0,a] x [~1.5,1.5]) \ E.

Consider the mixed problem

v(z)
Ouu(t, ) + q( / u(t, s) ds) (1 + Opu(t,x)) — 220, u(t,x) = F(t,x), (6.4)
B(x)
1
u(t,x) = §t(1 +2t+2%)  for  (t,x) € By UK, (6.5)
where
5 1 5 ) i
Ba)=Jr— 1. )= et F(la) =20+ 020 - 40) + (L+ 202) g(3(1, )
and
([ 625 26 34 9 1 4189
o [ —a® b2t + a2 St ~1,-0.
Lm(z+”Hﬁ+%x5m+23mo’m[’0%
1 25 1
g(t,z) =t =t + ="+ — —0.6, 0.
g(t,x) (2 +32x +96)’ z € (—0.6,0.6),

[ 625
| [2048

42633429)1 4189
— =+ "+ x|+ <t

o 6,1,
150 257 75 2 30720} . wel06l

<x5 +x

The solution of the problem is given by (¢, x) = t(t + z?).

We compare the method to the classical Lax scheme and define the errors of both methods
in the same way as in the previous Example. Moreover, we use the numerical method of
bicharacteristics involving the Shepard interpolation (i.e., we implement the approximation
operator T}, with the aid of U from Example 4.2), and denote its errors by & and &)

Taking hy = 107°, hy = 2- 1072, a = 0.25, we obtain the following experimental values
of the errors.

()

€h.mean

=(r)

€h.mean

=(r)

€h.mean

=(r)

€p. max

(r)

€h. max

=(r)

€h. max

()

0.0625
0.1250
0.1875
0.2500

7.598918 - 10~4
2.959015- 1073
6.503220 - 10~3
1.132334- 102

5.159632 - 106
1.728652- 1075
3.428650 - 10~
5.437411-107°

1.557761-1076
2.505059 - 10~¢
2.955749 - 1076
3.030813 - 10~¢

6.896522- 104
2.564387- 1073
5.422428 - 1073
9.120413-103

1.203477-10-6
3.323471-1076
6.699800 - 10~6
1.141974-107°

7.579235- 1077
1.265340- 1076
1.552376- 106
1.661398- 1076
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The approximate computing time for the classical method on the Intel®Xeon™CPU
3.06 GHz machine cache of size 512 kB and 4 GB RAM, is 14 s compared to 440 s for the
numerical method of bicharacteristics with the single-node approximation and 670 s for the
Shepard variant.

For the same domain and another set of steps of the mesh, hqg = hy = 5-107%, the errors
of the classical Lax scheme become greater than 10° for r > 53. The errors of our method,
in both variants, are given below.

t(T) E;ZT)max év;lr)max E;:chan é;:chan
0.0625 | 7.956374-107°% | 7.951170-1075 | 2.673792-1075 | 2.672484-107°
0.1250 | 1.300688 - 10~* 1.297184-10~* 4.680133-107° 4.674174-107°
0.1875 | 1.564073-10"% | 1.553630-10~% | 6.244022-10~5 | 6.233182-10°
0.2500 | 1.643924-10"% | 1.621890-10~* | 7.500613-10~5 | 7.485633-10~°

The approximate computing time for the numerical method of bicharacteristics, on the
same machine, is 1s.

Remark 6.1. The huge values of errors of the classical Lax scheme in the second exper-
iment from Example 6.1 and in the second experiment from Example 6.2 are due to the fact
that the steps of the mesh don’t satisfy the CFL condition (1.3).

The method described in the present paper has a potential for applications in the numer-
ical solution of first order nonlinear differential equations with deviated variables and first
order integral differential equations.
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