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1 Binomial coefficients

By the binomial coefficient we mean the symbol

(+)

which has several equivalent definitions.

1. Binomial theorem. Binomial coefficient as the coefficient in the following power series

expansion

(x+y)" = Z (Z) SUky"_k, n € Z and n > 0. (1)
k=0

n

. Combinatorial interpretation. For n,k € Z such that 0 < k < n, (k) is equal to the
number of subsets X of the set {1,2,...,n} such that | X| = k.

. Exact formula. For nonnegative n, k € Z such that 0 < k < n,

(t) - g

where 0! =nl=1,andn! =1-2---n,and nfE=n-(n—1)---(n — k +1).

. Recurrence relation. For nonnegative n,k € Z such that 0 < k < n,
n n—1 n—1
= 3
)=+ G0 ¥

and () = (1) = 1.

2 Properties of the binomial coefficients

1. Trinomial revision:

() )= ()G=) 8

2. Upper negation:

(1) =co ("7 )



3. Absorption:

4. Parallel summation:

7. Other:
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Generating function - some expansions
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Compositions

n—s

— 32— 62% — 1823 — 7221 — 32425 — 156625 + O(27

Let C(n,k,a,b) be the number of vector solutions

Then
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5 Formal power series

Let F(z) = fo + fiz + f22° + -+ be a formal power series. Then

[2")20F (2) = [2""F(2) = fo-d (36)
[Zn]F(Z)k: . Z fufmflk (37)

If F(0) =0, that is, fo = 0, then

[Z”]F(Z)k:_ Z fir fiy - fi- (38)

Fact 1 A formal power series f =3, -y anz™ has a reciprocal 1/f, i.e., such that f*1/f =1
(convolution), if and only if ag # 0.

Proof. Let 1/f =3 <,bna™. Then f-(1/f) = 1. Therefore, agbp = 1. Further,
—1
bn = — Zakbn,k.
a0 1=

This determines by, bo, . .. uniquely, as claimed. |

Definition 1 The inverse of a series f, if it exists, is a series g such that
flg(z)) = g(f(z)) = .

If f=5>,50an2" then f(g(z)) means

fl9(x)) = ang(a)".

n>0

Fact 2 The composition f(g(x)) of two formal power series is defined if and only if go = 0 or f
is a polynomial. We claim that if f(0) = 0 the inverse series exists if and only if the coefficient
of x is nonzero in the series f.

Logarithmic differentiation

% log(Fn(z)) = iFn(z)

n d n
> fun?™ | 7, log(Fa(2)) = D (k+1) frpirz"
k>0 k>0

Lagrange Inversion Formula [3]

Let f(u) and ¢(u) be formal power series in w, with ¢(0) = 1. Then there is a unique
formal power series u = u(t) that satisfies u = t¢(u). Further, the value f(u(t)) of f at the root
u = u(t), when expanded in a power series in ¢ about ¢ = 0, satisfies

()} = -

" S (W) ()"} (39)



6 Other
Apart. Rewrites a rational expression as a sum of terms with minimal denominators.
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